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\"\\ ’\h‘ll woe woe |l“ I’l‘\\\l Of th(\ (]( rIve 1(|\|~' We can use 1[’ as a way to (()Illpul(‘ 1”11115 Ih it we

ability to understand before. Early on, we could compute linits of rational tunmum
However, we couldn’t deal with mixing a ratio of different kinds of functions, like a
Polvinomnal and an exponential. L'Hopital's Rule allows us to evaluate these kinds of limits without
el efort. Tt also allows us to deal with different indeterminate forms. We will see through some
examples just how weird oo can act and why these indeterminate forms bring about contradicticns

l‘l‘l‘\l { \,l.\\'(‘ the

quite casly

o mtimton,

1.1 The Definition

Theorem (1L THopital's l\,“l‘ : Let f(x) and g(xr) be differentiable on an interval [ containing a, and
that ¢ (a) # 0O on I for + # a. Supposc l]mt

. f(x 0 , T 00

lim ) = - or liin f(z) = —.

Ir—a g([) 0 r—a g(’]) oQ

[hen as long as the limits exist, we have that

lim M = lim '/'I(J').
2 g(]‘ I—a gl(.l')

There 1s an analogous version for when a is 0o or —oc. What this theorem essentially says is
that 1t vou tried to compute the limit of a ratio of functions, but you get the indeterminate forms
ooor < then you can compute the limit of the ratio of the derivatives of those functions instead.
However, take caution that it is not necessarily a short cut. When encountering limits that we have
seen belore, it may be faster to use a different technique than L'Hopital's Rule. Also note that
we are not taking a quotient rule. We just take the derivatives of the top and the bottom of the
fraction and leave them there.

1.2 How it Works

Before we could compute the derivative of sin(x) or cos(x). we had to figure out two trig limits. We

. osin(a)
found that lin
r—U Ny

know how to compute derivatives, we can use L’Hopital’s Rule to check that this is correct.

In order to use L'Hopital’s Rule, we need to check that it is in the right form and that we get
one of the indeterminate forms required. As usual with limits, we attempt to just plug in the valuc
and see if we get a number. If we did get a real number, then we are done. Here we can see that if

: , . - sin(x) o :
we try to plug in 2 = 0 in the limit, we get that lim = 0’ which is an indeterminate form.

r—0 T

= 1 by using some geometry tricks with sectors and whatnot. Now that we

5 T r : L'Hyy
Therefore, we can apply L'Hopital's Rule. Whenever we do so, we will use a “=" to denote that we

have used the rule and “=" to denote our usual simplification. So, applying L'Hépital’'s Rule, we

sin(r) vn ,. cos(x . Lo o, . :
get lim ———(—2 = lim ——(—) However, this second expression is a limit of a continuous function,
it oo in(a) (x)
. . sin(x) o4 . cos(x . )
so we can just plug r = 0 and get that lllr(l] — = lmg) 3 = cos(0) = 1, verifying what we
r— q r—

already know to be true.
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cos(r) — 1 . = have to check
' - other trig limit, lim ———— = (. First, we have to
We can do the same with our other trig limit lim . ;
cos(0) =1 _

that L'Hopital's Rule even applies. If we tried to plug in = = 0 we would get 0 t t}lgt

i ) %N g STT A —us s . ! we g(: ¢
which is onc of our indeterminate forms. L'Hépital’s Rule does apply to this form, so

os(v) =1 ¢ —sin(x .

lim ((_H(L_l e lim ——1—(——) = — S]l](()) = (.
r—0 N r—0

1.3 Examples with Indeterminate Forms

0
1.3.1 B Form

stutf S » pulls
- . . : . 0o _ stutl oot Jike 0o, So the top ]
Question: Why is 8 indeterminate? In general, - = 0, and =5 act

b . 1 = -?
i i wins?
the Timit down towards zero, and the bottom pulls it up to infinity. So who
im =4 if we try to plug in x = 2, we get
e Let's say we want to compute ]mi . We can see that if we try P
' r—2 I — ¢

:: Therefore we can apply L'Hépital’s Rule to get

Iy T =l = 202) 4

But this is a limit that we could’ve computed in the first week of the course; we don’t even
need the relative canon that is L'Hopital to swat this little limit. Earlier we would ve just
factored the bottom and gotten

x—2 T—2 1

. 1
lim — =lim—" =iy -.
221 B a2 B Ti T

Either way is just as quick because this is a simple limit.

: . . . In(sce(w
* For a more interesting example, let’s trv to compute lim (3 2( )
=0 T
instinct is to plug in the limiting value x = 0. When we do this, we get M = M = 9
3(0)2 0 0
us with. So, we use it

- We see a limit, so our first

This is one of the indeterminate forms that L’Hopital’s Rule can help

to get
In(sec(z —— - sec(2) tan(x :
lim %(s‘(,c(ﬂ) = ljm 2 ) = I 20(=)
r—0 3x? =0 6x =0 Ox

Trying to take this limit also results i1, 2. So did L’Hopital fail
tells us is that the limit of the original ratio is that same as
derivatives. We got g, which is what L'Hopital’s Rule is de
Thus, we get

us? Not quite. Al L’Hopital
the limit of the ratio of the
signed for, so let’s use it again!

A . , 202(
lim In(sec(z)) . tan(x) L i S€C (x) _ 1
-0 32 =0  Ga =0 6 6

Therefore, our original limit has a value of 1 /6. This problem s}
use L'Hopital's Rule multi

that we are in the correct

10ws us that you may need to
ple times before we get an answer. However, we do need to check

Indeterminate form each time hefore we can apply it.
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1.3.3 0~ Form

Question: \\ hy is 0 - oc illl](.'l(‘l‘lllillélt(".’ l

thes o pull the limit dowy, Lo zero
do they sort of hal

Isually 0 - (stuff) = 0 and (stuff) - co = 00. So one piece

v and the other tries to pull it up to co. Does one side win? Or

0 O e 'y p ] i i

ance cach other out and we get an answer of something like 77

* As afirst example. Jot's i in (X ' o
~AHPe, det's compute lim zsin ( = ). We can see that as 2 goes off to infinity,
T—00 J

1/ goes to zero and sin(0) =

L Hopital's

have

0. So we have the form oo - 0. However, this isn't a form that
Rule can be used on. In order to determine what value the limit approaches we
Lo first put it in the correct form. The trick that we will use is a way to rewrite x. Recall

that @ = i+ Using this, we can rewrite the given limit as follows,

i (1
o ein (D) o Lo (1Y o sin(G)
lim asin { = | = lim $sin | =) = lim —*=.
I =00 (N =00 ; A Ir—0o0 ;

1
Now if we look at this limit and consider tending to oco. we sce the top approaches 0 and the
bottom also approaches 0. Thus, we are now in the correct form for L’'Hopital’s Rule. Thus,

we get
. 1 . 1 —
S = . oS\~ ) (== 1
lim rsin (l> = lim w = lim w = lim cos <-) = cos(0) = 1.

r—oo T I —00 - I —00 — I—20 T
s J

~

We can see that sometimes we'll need to do some manipulation of the terms in the limit before
we can use L'Hopital’s Rule.

e Now let’s compute lim 2®In(x). As approaches zero, we can sec that we get the form
=0t

0+ —oc. Following the same trick as last time, we can compute that the value of this limit is

. . In(a) oy ! z3
lim 2 In(x) = lim —,) = lim —— = lim — =0.
=04 o0t o0t =31 oo =3

e For aslightly trickier example, consider lim tan(t) sin

t— -

2

20 - 0 type, but we can’t use the same trick as last time. When in doubt w
funetions, turn everything back into sines and cosines. Here, we get

. : s sin
lim tan({)sin (I — 5) = lim bm(i) sin (1‘ _ g) 7

=2 t—1- cos(l)

Tr ¥ . .
(t — 3). We can see that this is of the

ith trigonometric

hich G it U " v o e - 'Honital®
which is in the o form now. Thus, we can now use 1, Hopital’s Rule. Therefore, we calculate

lim tan(?)sin (f - g)

v -
t—)i

Il
,5_.

,_
Iz
—
=
=
=
(@]
c
wn
JN
o~
iG]
o.
23
=
|
(V1R
S—
+
w
>,
5
=
=
~—
~
S
o
—~
~
|
E]
——

Il

cos () sin(0) + sin (%) cos(0)
—2/ 7 TP g/ B
—sin () -
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, N
1.3.2 — Form

R stuffl o es the top pulls
acts like oo and "‘\ll‘f goes to 0. So

: ! .
incleterminate? Usually 7 o
So who wins?

Question: Why s ) A
, bottom tries to pull it down to 0.

the limit up to intinity and the

it i 2

e Consider the following linut, In& pere

: ‘t solve it with any of the us ‘hniques from e

function. we can't solve it with any of the usual technique i

e that if we could plug in larger and larger values that 2a% dive gl_, e

‘ : i ike & ' Spital’s T andle.
Thus. this limit looks like =, which L'Hopital’s Rule can hd

)

Y '.—‘l
Jjomial and an exponentis

~O0D A /',‘ Il
n the course. We ca
and so

Since this ratio is of a polyt
arlier 1 GoHrSe.
¢s up to infinity,
We get that

] Ja
dOeS ¢

Y .
l. '.2.1'- L'H li”] 'l.‘l
i — = —
v~ 9 r—ae Jedr
Hanital agai et
: v g s X e e el L' al’s Rule again to g
But we can see that this second limit is also <, so we can apply L'Hopite

D52 1 dr 4

. 2T en HOEC T

lim = = lim —— = lim —= = 0.
roo0 M r—ooo Je r—00 Qe

A ]’ o e fe maade rever, this can
Remember that we can apply L’Hopital’s Rule as many times as 15 needed. However, €
backtire.

o7 2,10
=3V +a+1 . - —o0 Y
If we try the limit, we sce that we get =2, We could

e Cousider _EU]\ T W R
blindly tr§ (0 use I,lH_Spiml'.'s Rule, but when we do that we only reduce the degrees of the
mumerator and denominator by one. We would still be left with large powers on the top and
the bottom. and it would still be some sort of £2. In fact, we would have to do L'Hopital's

Rule 6 times before we get an answer that is not in an indeterminate form!

This problem can be much more easily done with our old technique. We can see that we get

R e T V2 e e o

im =— — 5 . = = lim —/——= % 4 — _oo.
s 12 L D — 2 __ NV E —) — —_ TR 1)
r——x 12 4+ 2 & 5 1/x T3=00 — + 2 s e

. . . n(e’ —1
e Now let’s compute lim (——~)
-0t In(x)
smaller positive numbers), we know that In(z) approaches —oo. Thus, this limit looks like

=~ Thus, by L'Hopital’s Rule we get

When we try to plug in # = 0 (or rather, smaller and

—0C
. In(e™ —1) oy Ml_l o ze®
lim —————== lim “———— = lim ——.
07 In(x) =0+ 2 =0+ €% — 1

Now when we try to plug in # = 0, we get the indeterminate form g. So we can use L’Hépital’s
Rule again. Now we get

In(e* —1) . et T LT
lim = lim — LH, s EE te :
= = Hipf 7 et et %
r—=0t lll(.’l‘) =0t e — 1 0+ et zlir(r)lq- z+1 L.

From this example we can see that sometimes the indeterminate forms can change as we use

LL HO])‘ltél]‘S B‘Fle e‘md simplify. As long as we are careful and check at each step whether we
can use L'Hopital's Rule or not, we can still get to the answer.
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o power should be equyy

LIy
pos Lould be equal to 1. S

1.3.5 o! Form mny

aised o o
I'al llf' ;/‘(l]() s ]

9 In general o0 o 1o

Question: Why is oo mdeterminate aything Fais
i : . } )

to 50, o raised to a negative power is 0, and all o

sots large, In(x) also

gl

who wins? as &

))l/"- Notice that

(he function on the inside
s to 0 but ,h lwitll manipulating the
| "the v\(])um:nl. so that we call dcal) .Wlttlx
exponent. So we would really like to get the = out of t """’“ (hat power down. HU}”,CVU: ‘Y‘
it more effectively. We will exploit our log rules here to hring t S now because it’s not in
have to be (';n'vl'l]‘l.’ We can’t just use the log rule In(a”) = I)lll(f’) ].IT] (lll' other techniques, we
that form! First, we need to transforn it into that form. As \?L!l .(l U‘ have been multiplying
need ot change the equation without changing the untx'.()mu. )r(:f()-l‘(f s . ‘wc will use the fact
by weird forms of 1, or we have added weird forins of zero. This L,””L’ is. if we apply both
that ¢* and In(a) are inverses of cach other. Recall that eln(@) = z. F}mL.I.S,I .
In(x) and e to a function, we end up with exactly the same thing. For us,

is form is the limit lim (In(r
e An cexample of this form is the linit ,!I{I:_( (

. ! ) o convergl
gets Targe, and that ‘] gets small. So the |)(.JW" 't do mue
diverges o oo, The issue with Chis form s (hat we ca

that means we

will do the following )
lim (In(x))"* = lim n((n))tr).

Tr—o0 Tr—oo .]l }
: ‘oo that evervthing e
Now we can use our log rule to bring the power down, but notice that everything w1' "
happening in the exponent of e. Since ¢* is a continuous function, we can also push the limi
up into the exponent. Thus, we have
. ' . 1 - . In(In(x
lim (:lll((lll(.l,))]/ ) — elun,_,oo ;-ln(lu(.l.)) gk ellm,_.ao _(_I(JZ
T—00
Now we only need to worry about the limit that is in the exponent. In this case, as = goes

to o0, both the top and bottom go to oo, so we are in the proper form for L’Hopital’s Rule.
Thus, we have

i )1/ ; In(In(z
lim ({l“((l“(i)) I) = ehmz_,m_“r_ll
=00

i i 11
l:——H F,hm”’oo In(z) 'z
= e’ =1.

I y Tonble o . : 4.1/ In(x) . - ne . e
e Now let’s computc ,,!ggloo a7 ™ Recall that as z tends to infinity, so does In(z). S

1
. o 0 )
approaches zero as @ goes (o infinity. Thus, we are in the form oo®. Again we need to be able
to get into that cxponent, so we usce the same trick with e and Inz). Then we i
lim /) — 5y oGt/ )
=00 L—00 -

- elimx.,w In(z!/ ln(IJ)

i 1
ehm:—»oo (el In(z)

Il

climr_,m 1 i

c.

I[ t 118 A O M B . i AT
s oul we don’t even technically need L'Hépital’s Rule here because the logarithms

cancel before we even need to take derivatives. However, we can use it twice to get the s
value as the cancellation. ot DML
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.6 1 Form
1.5
stion: Why is 1 indeterminat
Qe . l J(tulnllldte? Usu-(]]]y 1 raised to anv ne o
ons raised 10 the 0o goes : alny power is just equal to 1. But

fractl
er than 1 raised to the oo should go off to

to zero. ¢
and m s e
So where does 1% go? ’ unbers larg

e Cousider the limit lim (* 1
m (e” + )7 Since ¢ =
o - r—>()+( )/". Since ¢° = 1, we can see that this limit is of the form
we want, 1% We can sce here th

at we arc in the same sitnati ; last time: we
exponent that has an g it » sitnation as last time: we have an

try the same fecha and we need to move it around to be able to deal with it. We can
A D CC ) 2 |aag 3 e , . .
e lque as last time and exploit the inverse property of ¢* and In(z), namely
that ¢™%) =+ Thus. wo ;
. s, we get

. . . . T 1 In(ef+4 )
lim (¢* + 2)* = lim () 7) = Jim o™
=0+ =0+ T—0*
Here notice that as x approaches zero, the top of the fraction in the exponent approaches
In(1) = 0, and the denominator approaches zero as well. Thus, we are in the earlier case of 8.
Therefore, we can move forward and use L’Hopital’s Rule to get

lim (¢* +2)* = lim e =
z—0t =07t
. 1
Wy e (D)
=0+t
: L+
= ehmr—*0+ i‘w—ﬁ = ez_

e For a second example, let’s compute lim
T—r00

> £ 27
<a T 1) . Here we can easily see that the exponent
a’: —

x+2
v ] converges to 1 by L'Hopital’s Rule.

goes to infinity as x grows large, and notice that

Thus we are in the form 1%°. As before, we use our logarithm trick to get

=00 \ T —

Notice that we now have the form oo - 0 in the exponent, se we can use our carlier tricks to

solve this exponent. Thus,

lim (“2> _ i oo(E2)

T—00 T '— 1 T—r00
= lime =
Tr—oQ
z—1 (z-1 —(z+2)
P =72 (1-21)—
= lime -1z
I—00
3:2 3

lin ¢GEFAE-1) = 7,
T—XC









=N
= " a"(ax + b)"
(m=n)!

ive of y = ¢+ b)
n'™ Derivative of y = log(ax
Let y = log(ax + D)
. o
YT (axam

-

Joy I e———
Ye (ax1b)?
2! ll"

Vo = ——————

ST (axb)d

pe1 (M=Dra"
Yn = (*1) (ax+b)n

n' Derivative of y = sin(ax + b)
Lety = sin(ax + b) )
Y1 = acos(ax + b) = a sin (ax + b+ ;)

5 . ] 2n
Y, = a‘cos (ax + b+ g) = a* sin (ax + b+ ‘2*)

nm

Yp = a'sin <ax + b+ 7)
Similarly if y = cos(ax + b)

nr

Yo = a cos (ax + b+ ?)

n'™ Derivative of y = e*sin(ax + b)
Let y =e™sin(bx + ¢)
Y1 = ae®sin(bx + ¢) + e} cos(bx + ¢)
= e [asin(bx + ¢) + b cos(bx + ¢)]
= e" [ cosa sin(bx + c) + rsina cos(bx + ¢)]
Putting a = r cosa, b = r sina

r sin(bx + ¢ + q)
Similarly — y, = gax 2 sin(bx + ¢ + 2a)

eax

-—

Yo =e" 1" sin(bx + ¢ + na)

b
where 72 = q2 4 p2 and tanq = -
a

Y =e% (a®?+ b?)7 sin (bx +c+ntan—12
a
Similarly if y = g% ¢gg (ax + b)
Yn=e" 1™ cos (bx + ¢ + na)

n
=e™ (a®+b?)z cos (bx +c+ntan-?! 2)

a

N’




A BT VL . e e —

' F : ——Mmary of Results
' Function \l Results

| T TT——

th . .
—— | n"" Derivative

[ | Yn = a"e™

( m!
v =(ax 4+ pym (m —n)!
0, m>0

Yn = n! a”,

BN

(-D)"'nla
I (ax + b)"+1 '

m<n,

m=n

y = log(ax + b) = (—nr e

- (ax+b)™

y =sin(ax + b) |y,=a" sin (ax + b+ 7”)

y = cos(ax + b) | y,=a" cos (ax +b+ n—})

a'(ax+b)y"™"m . m>0m>n
i )
n

n
y = e sin(bx + c) y, = e™ (a? + b?)Z sin (bx +c¢c+ntan”

-1_

mn
y = e cos(bx +¢) |y, = e™ (a® + b?)z cos (bx + ¢+ ntan

2

Q

)
)
)
|

.- . . = 1
Example 1 Find the n'M derivative of ———
1-5x+6x
Solution: Let y = ————
) 1-5x+6x2
Resolving into partial fractions
1 1 3 2

Y = Tsxtex? (1-30(1-2x) 1-3x  1-2x
_ 3 (=3)"(-1)"n! _ 2=2)"(-1)™n!
yn (1_3x)n+1 (-1_2x)n+1

= Yn < (—1)n+1 n! [(1—33::)’!“ B (1—22x)n+1]

Example 2 Find the n®® derivative of sin6x cos4x

Solution: Lety = sinbx cos4x

= i (sinl0 x + cos2 x)

Y= % [10" sinv(lox + Ilzf) + 2" cos (2x + %ﬂ

Example 3 Find nt" derivative of sin*xcos3x
Solution:  Lety= sin®xcos’x



2 Zx cosx
sin?xcos“x ¢
_la- cos4x)cosX

8

—L¢in?2x cosx =
4

; 1
Leosx — gcos4x cosX

L cosx — % (cos3x + c0s5%)
1

— L (2cosx — cos3x — c055x)
16 nm
1. nr n 11_"_ -—SnCOS(SX'*'"‘Z )]
S ¥Yn = E[Zcos (x +—2— — 3"cos (3x + ) )

) . . 4
Example 4 Find the n'" derivative of2 sin*x
Solution: Let y = sin*x = (sin?x)

2
= (12 sinzx)
2

= i((l — cos 2x)*
_ 1[4 _ 2 2
=2 [1 2c0s2x + 3 (2cos Zx)]

1 1
= Z[l — 2cos2x + (1+ cos4x)]

1 1
=o=c cos2x + gcos4x

W = “‘;'ZHCOS (Zx + "2—7[) + %4"cos (4x + %’—r)

n

X lw

Example 5 Find the nt® derivative of e3*cosx sin?2x
Solution: Lety = e3*cosx sin?2x
. 1
Now cos x sin?2x = - (cos x - cos x cos 4x)

wsin22xi= %(1 - cos 4x)

1 1
=3 (cos X - E(COS 5x + cos 3x)
. 1 1 1

= y = e**cosxsin?2x = ;e3xcos X — Ze3xcos 5x — Ze3"cos 3x

z n
i Js = %63)‘ (9+ 1)z cos (x +n tan'li) = %33" (9 +25)2 cos (Sx +ntan™! %)
n
—-;-e'“' (9+9)z cos (3x + ntan™! z)
_ 1 3x103 1IN 1 G FR 5
= z—e 102 cos(x+ntar1 —)——e 342 COS(5x+ntan‘1-)
3/ 4 £

-ie&" 18z cos(3x +ntan~t 1)
Example 6 Ify = sinax + cosax, prove that y, = a™[1 + (=1)"sin 2ax ]';'

Solution: 'y = sinax + cosax
Sy, =alt [sin (ax + %r) + cos (ax + 7—?—)]




L
2

= qn [{sin (ax + nzl) + cos (ax + 222)}2]

»,:an [S]nz ( nm . 1
ax + T) + cos? (ax + %)+Zsin(ax + '—lzf-).cos(ax + "—2- ]2
— T .
a"[1 + sin(2ax + mr)]%

a”[1 + sin 2ax cos nr + cos Zax sinnm |2
1
a™[1+ (=1)"sin2ax]z =~ cosnm = (—1)" and sinnm =0

il

Example 7 Find the n'" derivative of tan™" >

Solution: Let y =tan™1%
a

= _dy _ 1 _ a _ a
Yi = dx x% x2+a2  x2—(ai)?
a 1+(—1i

. a _a ( 1 1 )
(x+ai)(x—ai) 2ai \ x—ai x+ai

1 ( 1 1
2i \ x—ai x+ai

Differentiating above (n — 1) times w.r.t. x, we get

_1_[(—1)"'1(n—1)! _ (—1)"'1(n-—1)!]

Yn =% (x—ai)n (x+ai)™
. . . 1 X
Substituting x = 7 cosf, a = r sinf such that 6 = tan 1=
RN G D ) [ 1 _ 1 ]
In = 2i M (cos 6—i sinf)"  T™(cos B+isind)"

= DT o5 9 — i sinf) ™™ — (cos 6 + i sinf) "]

2irn
Using De Moivre’s theorem, we get
-1)""(n-1)! o 5
= (—llzrfl—n—) [cosn@ + isinnf — cosnb + i sinnb]
_ (=" Hn-1)!
=
(=" Y(n-1)!

n
(si: 6)
_ (=) (n-1)
.

sinn@

sinnf wa=71sind

. - 1 a
sinnf sin™ @ where 6 = tan™! -

Example 8 Find the n'"* derivative of
1+x+x2

Solution: Lety = ——
X

B 1 -1+iyV3 2 _ —1-iV3
=———— wherew = and W =———
(x-w)(x—-w*) 2 2

Resolving into partial fractions

1 ( 1 1 )
Y w-w?2 \ x—w x-w?




: 1 /)
! . ) == (;:’\; x-w?

(Lo T
T3 \x—w

> get

i S t ,WeEg

Differemiating n times W-I'

i [ (-1)™n! (-1)"n! ]

= :[ n+1 - (x_WZ)TH-l

Yn = V3 (x—W) 1 ]

—i(-1)"n! 1 — —Zn+l

|

1
i (_1)71+1.n!

1 /\/‘E‘F?T
+1 1 i
-’—‘T 1 h/i)" (x+5+—z")
X4
( 2 2 1
1 e — %1
[ RFL T (2x41+iV3)
V3

(2x+1-iV3) »

{2 (1) i)
= V3
il S hat
Substituting 2x + 1 = r cos®@, V3 =1 sinf such t -
o _izmienptinl [(0056 _ ising)~ ™D — (cos
)n - \/’5 rn+i
Using De Moivre’s theorem, we get N 1)9]
cin(n
il o i [cos(n +1)8 + i sin(n + 1)8 — cos(n + 1)6 + isin(

' in@)—(nﬂ)]

,Vn - n+1
= (V3
V3 (SIT;‘H)
v /3 =1 sinf
Fon+1 _4yn+1 .
=12 (‘/-(—)711)-'.2 ™2 sin(n +1)8 sin™*16
3

_ 2™ on+1 _ -1
= sin(n + 1)8 sin™1'0 where 6 = tan o

2
Example 9 If y = x + tanx, show that cos? x%xlz 2vib 2y =

Solution: y =x+tanx

d .
= L =1 +sec?x

dx
d?y 2
Tz = 2secx (secxtanx) =2 sec?xtanx

> d?y
T COSTX T T 2y + 2x = 2c0s® xsec? xtanx — 2(x + tanx) + 2x

= 2Ztanx — 2x — 2tanx + 2x
=0
Example 10 Ify = ]og(x + Vx% 4+ 1), show that (14 x% %2—’; + Y = 0
X dx

Solution:  y = log(x + VxZ + 1)

1+
= ﬂ — Vitx2 1
dr  x+ Vi4x2 V1+x2

oo e S e e e




drz T xZ gy = 0
= (14238 | ay
dx2 dx

Exercise 1 A
A1

I. Find the nth derivative of — X
S (x=1)(x=2)

Ans. (~1)”n![ = ]

(x=2)H1 (x—1)7t!

2. Find the nth derivative of cosx cos 2x COSs 3x
i nm
Ans.i [2" cos (Zx + "7") + 4™ cos (4x + %75) + 6" cos (6x .3 ?)}

: . 12
3. Ifx =sint |y = sin at, show that (1 — x%) =X — x
dx? dx

(lzp _ aZbZ
dez

4. If p* = a?cos? 0 + b2 sin? 6, show that p +
.

21a2’ find y, ie.the n'™ derivative of y

3. If y=

Ans. (—4l)+1'1! cos(n + 1)6 sin™*'0 where 6 = tan~1%
a’ a

6. If y=e*sin’x,find y, ie.then® derivative of
Yy n 34

Ans. 2 ¢ [1 — 16 (2x +"2—")]

7. Find n** differential coefficient of y = log[(ax + b)(cx + d)]

n n
Ans. Y= (=1)"*(n —1)! [(axa+b)" s (cxid)"]

8. Ify= onng_ll , show that y,= (—1)""1(n — 2)! [(;:11;71 (;c:;n]

v 2
9. Ify = tan“1$, show that yn=§(—1)"‘1(n —1)!sinn @ sin™o



" derivatiye
. n the n

e : . exist, the

1.2 LEIBNITZ'S THEOREM h that their n**derivatives

. ; suc

It w and v are t.unc_tlQ,nsbof X S b

of their product is given by B

V.
un rvr
+ -+ nc

(u v)n = Upv €1 ¥n :

tively
sent " derivatives of u and v respec
where u,- and v, represen

Examplel1 Find the nt" derivative of x log x

Solution: Letu = logx and v = x (n—2)!

2
Y = (-2 &2
Thenu,, = (—1)» 1(”7 and -1 = (—1) x

By Leibnitz’s theorem, we have

o UY,
Up—yr Vp +

= UVt ne U vy + ng u,_, v, + + e, Un—r

(u V), = Up G “n-11 2

n—1)! 2(11 i
= (xlogx), = (—1)n-1{ 1)x+ (=" =40

I

n—1)! (n=2)!
(D18 p(—qyn-2 =2

x-1

= DR o 1) 4y

xn—1

Il

(_l)n_z (n—-2)!

-1

Example 12 Fing the n'" derivative of x%e3% sin 4y

Solution: Letu = ¢ 3% sin 4x and p = x?
n
3x 55 . -14
Thenuy, = , 252 sin (4x + ntan 5)

= e>* 5% gin (4x + ntan—1 g)

By Leibnity’g theorem, we have
(uv), =y nV+ ne o, 1V1+ neu,_ 2V + - e u, g v, +...+uvn

n

3 .
> (x%e™ sin 4x ) = M n sin (4x +n tan‘l ki +
2nxe3r gn-1 sin (4x + (= 1) tam‘1 . +

n(n —1)e3xgn-2 sin (4x +(n - 2) tan—1 g) +0

e e Gl

g




— 3 . 14
2nx = e*X5" [:\'2 sin (4x+ntan 1_;) .x
14

= sin (42 + (n — 1) tan— 2) + 228 gin (4x + (n — 2)tan” 3l

Example 13
Ify = acos(logx) + b sin(log x), show that

Solution: X:I?.lfz +_ an e 7.1(” %0
) rcy = acos(logx) + b sin (log x)
=W = _x—asin (log x) + %cos (logx)
= xy, = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
Xy, +y; = —-% cos(logx) + ——xb— sin(logx)
= x%y, + xy; = —{acos(logx) +b sin(logx)}
=y
>x%y, +xy;ty=0
Using Leibnitz’s theorem, we get

ns2X? + Mg, Yne12X + 1,00 2) F (Vnarx + neYn-1) +¥n =0
= Vp2X? + Ypa1 20X + (0 = DY + Ve X T M +Yn =0
= X242 + 2+ DXYpy + m*+ Ly, =0

Example 14  Ify =log (x + V1 +x2)

Prove that (1 4+ x2)Yns2 + @0+ DxYpsq + n?y, =0

Solution: vy = log (x + V1 +x?

1 1 _ 1
2V = x4+V1+x2 (1 + 2V1+x2 Zx) T J14a?

= (1 +x2)y12 =1
Differentiating both sides w.r.t. x, we get

Z —

(14 x%)2y,y, + 2x)1
=1 +x)y, +xy, =0




. 1)=10 ‘
) - Yoy
2] + ()’711’-1" + ¢, In )

4 , Iy N~ Ve o &
F X))+, 2x + N, hn
lﬁﬁv;(l +x°) F e Vaan L2 0

c+ MYn =
+ Yn+1d + Wn

Using Letbnitz’s theorem

2y 4 v 2ne +n(n— Dn
Vo (1 + X7) + Yngp2nx + 00 )

=

2, =0
= (1+x )2 + 20+ DxyVyey 1700
Example IS5 11y = sin (n sin~lx). sho)\\' that . (n: "y ml’)yn_A]so find }’,1(0)
(1 =2y =02n+ Dxyp+1 T
(1 A )}::+£ ( VLD
. , =1 1-\}
Solution: Here v = sin(m sin™'x) @
1 .o )
=y, = —=cos(msin™'x) ... @
N Vi-x-

= (1 —x9)y,? = m?cos®(m sin™'x)
= (1 =x3)y,? = m?[1 = sin*(m sin~'x)]
= (1 =x3)y 2 =m?(1 —y?)...... ©)
= (1-x9)y " + m?y? = m?
Differentiating w.r.t. x, we get
(1 =2x7)2yy; + y,2(=2x) + m?2yy, = 0
=1 =xN)y, —xy; + miy =0
Using Leibnitz’s theorem, we get
Dre2(1 = x2) + 0, Yyg (—2) + e, Yn(=2)] = (Pnsrx + ne,Yal) + m2y, = 0
= Yue2(1=0%) = oy 200 = (0 = 1)Y — g + ny) + my,, = 0
= (1= 2%)Ype2 = @20 + Dayyy + (n? — m )y @
Puttingx = 0in D, @and B
¥(0) = 0,,(0) = mand y,(0) = 0
Putting x = 0in @
Yn+2(0) = (n* = m?)y, (0)
Puttingn =1,23 ... .. in the above eq‘uatibn, we get
13(0) = (1% = m?)y, (0) |
(P =-m)m oy 0)=m



¥3(0) = (12 4 mz)yl(())

(1% + m2yy “,(0) =m
¥4(0) = (22 4 m?)y,(0)
=m*(22 4+ m?) v ¥,(0) =m?
v5(0) = (32 + mz)y._;(O) .

=m(1% + m?)(3% + m?)

= %(0) = { m* (2% +m?) . [(n - 2)* +m*], if nis even
m(12 + m?)(3% + m?) .. [(n — 2)? + m?], if nis odd

Example 17 1f y = tan™'x , show that

(1= )Yz + 200 + Dxypyy + n(n + 1)y, = 0. Also find yn(0)

Solution: Herey = tan™'x....D

1
Sy =g e )
_ -2x
Y2 = 1+x2

>+ x)y, +2xy;=0...... ®

Differentiating equation & n times w.r.t.x using Leibnitz’s theorem

ez (1 + x2) + 1, Y1 (22) + 1 Yn (@] + 2(naax + neyal) =0
o 9y (1 + 22) + Yer 20 + 10 = DY + 20naa% +190) =0
= (14 x2)Ypez + 20+ Dxypyy +n(n + Dy =080 @
Tofind y,(0): Puttingx = 0in @, @and @, we get
y(0) = 0,y,(0) = 1and y,(0) =0
Also putting x = 0 in @, we get

Yns2(0) = —n(n + 1)y,(0) | \/

Putting n = 1,2,3 ... in the above equation, we get



v (0) = =1(2)y,(0)

2 Yy (0) =1
},4(‘()) = —2(3)}'3(0)

-0 v y,(0) =0
vs(0) = =3(D)y,4(0)

=—3(4)(-2) = 4

Y, (0) = —=4(5)y,(0) =0
y,(0) = —=5(6)y5(0) = =5(6)4! = —(6!)

= Youer(0) = (=D)"(2n)'and  y,,(0) =0

Examplel8 Iy = (sin”'x)?, show that )
(1 =x%) Y2 — (2n + 1)xy,,; — n?y, = 0. Also tind y, (0)

Solution: Here y = (sin™'x)%.....(D
. 1 \
=2y =2sin"'x.— ... 2)
1 Viex? €

Squaring both the sides, we get
(1 =x*)y,* = 4 (sin~'x)?
= (1 =2y ? =4 (y)?
Differentiating the above equation w.r.t. x, we get
(1 =202y, +y,%(=2x) =4y, = 0
21 -y, +y(-x)-2=0 ... @)
Ditferentiating the above equation n times w.r.t, x using Leibnitz's theorem, we get
[Vui2(1=x%) + Ne, Vner (—2x) + Ne, Yo (=2)] = (}’n+1x + nc,}’nl) =0
2 Vuea(1=2%) =y 0200 = n(n = 1)y, = (pagx +ny,) = 0
= (1= x)yi = (20 + Day,,, - ynt=004@
Tofind y, (0): Puttingx = 0in D, @and @, we get
¥(0) = 0,y,(0) = 0 and ¥,(0) =2




\so putting x = ) i, @, we get

Va2 (0) = Y, (0)

Patting n =194 .
gn 1,2,3 .. In the above ¢

(0) quation, we get
Y3 = lzy] (0)

0 “¥1(0) = ¢

Y4(0) = 22y, (0)
| 2% *Y2(0) =2
y5(0) = 3%y, (0)= g

Y6(0) = 4%y, (0) = 4272,

0, if nis odd
= 0) =
% (0) {2. 2242 .. (n=2)2, if nis even

Exercisc 1 B '
L.Find  y, . ify = x3 cos x
1
Ans.x3cos (x + EZE) + 3nx?cos [x + %(n - l)n] + 3n(n — 1)xcos [x ts(n - 2)14 +
n(n —1)(n — 2)cos [x + %(n - 3)71]

2.Find y, ., ify = x%e¥ cos x

n nm
Ans. 2ze*cos (x + T)

3. Ifym + y:nT] = 2x, prove that(x? — 1)y,,, + (2n + Dxyneq + (n? — m?)y, = 0

41 yVi+x2 =log (x + V1 + x2), prove that
(1+x*)yp4z + Qn + 3)%Yns1 + (n + 12y, =0

S.0fy =[x +VI+ xz]m, prove that (x* + 1)y,,, + (2n + Dxyper + (n? = m?)y, =0
6 Ity = (sinh™x)2, show that
1+ x%)Ypy, + 2n + DxYni1 + 12y, = 0. Also find ¥,(0).

Ans.  ¥,,,1(0) = 0 and Yan(0) = (=1)"12,22 42 v (2n = 2)2

T1fy = cos (m sin~1x) | show that
(1- xz)yn+2 = (2n + 1)xyn+1 + (n® - mz)yn

\/

.Also find y,(0).



8. If f(x) = tan x, prove that f*(0) — n¢, f"~%(0) + ne, frH0) = = Sin%




Taylor’s Theorem: Introductory Walflle

— ; i : inishing at time
Suppose that we once went on a journey, starting at time a at position fla) dtn(l fi dul\&,“rhdt ne
‘ " ' is jour en exactly whe
@at position f(r). Later, we decide to recreate this journey, but we've forgotte

did last time and so we try to approximate it.

iourie » travel at speed
For our first attempt, we will travel at coustant speed & for the whole journey. We tra P

tat s s . - " arrive ¢ ()Sition
I from time @ to time ¢, and so we travel a distance of (t — a)k, and arrive at p
f(a) -+ (t —a)k

Our aim is to arrive at position f(.r) at time x, so we need Lo chioose k so that f(x) = fl(a) *}‘(:L—U)’»u
I°s clear from this that the correet speed & to use is (f(x) — f(u,))/(.r" — a). We might Ll(ln xet(ia“
the Mean Value Theoreni, which says that this fraction equals f'(¢) for some ¢ € (¢,x). In o lut
words, the constant speed & we need to use happens to be an actual speed we had at some poin

during owr original journey.

o ’ . J
Lets sce another way that this result could have been reached. Since we're still lcavmg at the
same Lime, and we want to arrive at the same time, let’s define a function to measure the difference

between owr positions at time ¢ in both the original and current journeys.

Let o(1) = f(t) = J(a) = (t = a)k.

Then o(a) = 0, and owr desired value of k is such that ¢(z) = 0 as well. By Rolle’s Theorem there
is some ¢ € (a,x) such that ¢'(c) = 0. Since ¢'(1) = f'(t) — k, we have f/(c) = k. Hence

J(@) = f(a)+ (x—a)['(¢c) for some ¢ € (a, )

And we have obtained the same result.

We now decide that constant speed isn't a very accurate representation of our original journey. So
we'll try to mimic it more closely this time. We'll start at time a at position f(a) as before, only this
time we'll start off travelling at our original initial speed f (a). We'll now try to apply a constant
acceleration k to adjust our speed so that we arrive at f () at time z. Thinking of s = ut + %at2,
we find that from time a to time ¢ we travel a distance of (¢ — a)f'(a) + %(t —a)%k, and so at time
t we arrive at position

F(@) + (t - a)f'(a) + “‘T)k

Our aim is to arrive at f(z) at time z. So, as before, we'll define a difference function, measuring
the difference between our positions at time ¢ in both the original and current journeys.

Let o(t) = f(t) = f(a) - (¢t - a)f'(a) - f=g) _:Za)zk_

Then ¢(a) = 0, and our desired value of & is such that ¢(z) = 0 as well. By Rolle’s Theorem, there
is some ¢ € (a,) such that ¢'(c1) = 0. ;



e e o —

— 0, bya second application of

Now consider &’ ’

sider (1) = [(1) — ['(a) — (t — a)k. Since #(@) = #'(c1)
Blie Ehen i alk : o fH($) — K, we Se€ that k& = f”
Thus we have some ¢ € (a, ¢1) such that ¢"(c) = 0. Since ¢ (t) = 1" (t) ) F(e).
for somc ¢ € (a,x)

—a 2
1) = () + (o - @ a) + £ 510

]: we start at f(a) at time a,

origina
, and we try to adjust the

on ["(a)

at time T

Next. w .

Next, we decide TN .

travelling "tflti( Loillfal\(, our journcy cven more faithful to the

“’hﬂh‘vcr-lllw (J( .f)’ ‘8_“1“1 S‘PCCd f’(a) and with original accelerati
crivative-of-acceleration-is so that we arrive at f(x)

And so on.



avlopr’y .
S Theorem with the Cauchy Remainder

Often w)
o 1C11 Using the Lrwrcma(, Remainder, we'll have a bound on f(n) and rely on the n! beating
such as N )1 45 = 0. But if the ") term starts providing us with an n!-shaped term on top,
) S W n

With a binomial expansion, then we might need a better expression than (x —a)".

We'll show that R, (x) = = f)n—l(; —a) £ (e), for some ¢ € (a,x). (A different ¢, of course.)
n—1)!

This will allow us better estimates if all we have is a general bound on fU9, since |r —¢| < | — al.

We have
f(@) = fla) + (x — a) f'(a) + —5—— (& ) G @)+ E”(—:—“r)_—f("‘”(a) + R,(x)
Rearranging
Rote) = 1) = fla) = (& — )@ - E ) — %f‘"‘”(«»-

We want to estimate this, so let’s turn it into a function of some variable t, by setting

) f”(f) _ (I— t) j-(n 1)(‘()

F() = 1) - 1) - (- 070 - S5 ey

so that F(a) = Rp(z) and F(x) =

Then, noting that

d (1 - 1')'” ) _ (-T - ’)m : m) ( ) (m+1)

we have, by a telescoping sum,
) (.’L i t)" -1

/ - _ (n) t
Applying the Mean Value Theorem to F on the interval [¢, ], we find some ¢ € (@, ) such that

M = F'(c) = ( e c) f(ﬂ) (c)

Z—a (n—
Rearranging gives
(=" Nz —a)

T ™ (e)

Fa) = F(z) +

That is. as claimed,

@- 9 la-a)
Ralz) = B m =g

This result is Taylor’s Theorem with the Cauchy remainder.




T: i r

- > ,emamdc
lor’s Theorem with the Lagrange R

aylor’s )

at
- such tha
»we want ks

ory \ViltH( y

g - introduct (r—a)"
Continuing the thoughts trom ot 5 (z - a)” fn=(a) + — -
o)+ S @+ T l
(N + (r —a), _ 1
j(l)_-./((l) i_(' 2 n—1 —1) __(—{_-—a——)—-k.
(—a)_ j=D(a) = =

’ (,_(l)zj'”((l)"--'— ,-])!
Let o(t) = f(t) = f(a) = (t —a)['(a) = == @

e =10
) such that @'(c1) -
W T ‘o yjves us €1 S (a,:l,)
i — &) = 0. and so Rolle’s Theorem g1
Our & is such that ¢(a) = ¢(a) = 0, anc

n—1
(t— u),’~2f("'1)(a) - u,)l. .,
Now, ¢'(t) = f'(t) = f'(a) = (t —a) f"(a) — ... — (n—2)! (n—1)!

: t
i ., € (a,c1) such tha

Since ¢'(a) = ¢’(¢;) = 0, a second application of Rolle’s Theorem gives us €2 (

(,"”((.‘2) = 0
e p=a* “
2 (t - a)z 4 (n—1) _ ( ‘ 2
Now, (1) = (1) = f(@) = (t = @)/ (@) = .. - S= f™Da) = S =5

: 3 ) such that
Since ¢"(a) = ¢"(co) = 0, a third application of Rolle’s Tleorem gives us c¢3 € (a,c2)
¢"(ey) = 0.

And so on. We reach (/)(“)(l) = f(")(

t)— k. and find some c € (a,c,—1) C (a, ) such that ¢ (¢) = 0.
Le. such that & = f)(c).

Since ¢(x) = 0 for this &, we conclude that, for some ¢ € (a,z), we have

._a2 Pt 3 n—1 e 5 n E
o) = ) (e =)+ Sy o B oy g =0 oy

We might prefer to make the followin

g change of notation. Let = q + h, and since ¢ € (
¢=a+6h where 6 € (0, 1). Then

a, ), write

n—1

h hn
Y FmD(a) + — ™ (a + on).

2
fla+h)= f(a) + hf'(a) + %f”(a) +...+

Examining what we did, we
we needed f to he only (
didn’t need [

sce that f needed to be n-times differentiable on

n —1)-times differentiable, although with f(
to be continmons anywhere.

(a,z), but at q itself
n—1; continuous there. And we

This result is Taylor’s Theorem with the Lagrange remainder.

— n
The remainder ig R, (z) = (z—a) f(")(c).

n!




‘ LAY I\il'-a l‘
vore 23
omewith the Integral Remainder

i here |

ol hey fin

1t of
‘ the remainder which is also use ful, under the slightly stronger asswmption
Forontingons, )

We'll show that 7 /' (& ”u N
¢ ) e e fim)
y H' f (t)dt.

(n

I'he proof of . : 4 N F C ;
| of this is by induetion, with the base case being the Fundamental Theorem of Calculus.

Whenn 10 we have JQr) = fla) + / f'(t)dt, so we're done by the FTC.

«a

Assuming the formula above for the (n — 1)th case, we have

{ ’ -« 7 = )n-z n-2 .
Sy fla) + (o~ a)f(a) + (' l> e fa) + ,..+(:(—”—:_a—2—)!—‘f( )(”') + Rn-1.

where

: = 0" gy .
I, /” ---(” - 2)! f (r) 1t

E=t"! iy ] /_’_f;’i_—_l__ (0 (¢) dt
[ (n - )(n z)'f W ,,4’ « (n-=1)n '—‘2)?f it

‘._,,’H*l £ (, — )yl "
- -(_{—_)—__‘f(”_l)(“,) %‘/ -:r.” *)1)‘ fr’ ”(”(If

and substituting this into the expression for flr) gives the required form for R, (x).

['his result is Taylor's Theorem with the integral form of the remainder.

We can derive the Lagrange remainder from this. Since fU is continuous on [a, z], it is bounded
there and attains its bounds. Say m < fU(t) < M, with these bounds being attained.

YRR CE) =0 R b ) 5
'5[ ey A - )f'(nm < M| S

/‘“n—l =(x;fﬁ{

m-(—'l—-—:l-(i— € Ru(x) <€ M(I a)"
n! !

Sinee

we have

Applving the Intermediate Value Theorem, we find some ¢ & (a.i) such that

Ra(z) = E:,_‘_‘): Fime)

n.




11.10 Taylor and Maclaurin Series
all polynomials of degree 1.

an. The notion here is that

Fheidea is to obtain a good approximation to a function f(x) among
s with f(x) at a point

Ihere are many sensible notions of what ‘good approximation’ could me
wewant our approximating pnlynuminl to share the value and first n derivative

\ i,
x = a. The nth Taylor

Definition. Suppose that [ is a function which is n-times differentiable at
polynomial of / centered at x = a is the polynomial

f”(a)(x —a)? + [%(!—Q(I ~a)®+- -

I () i f"‘,\).("l)(v\‘ a)* = f(a)+ f(a)(x —a)+ 7
o [
s f((Tl:j)——l(;I!-)-(x —a)" '+ f—(:l’:!(—a)-(x —a)"
Observe the following;
« T, is a polynomial of degree < n (it is possible to have f(a) = 0so that T,, has degree < ).
o To(x) = f(a)
) at x = a. The

o 1i(x) = f(a)+ f'(a)(x — a) is the linear approximation/tangent line to y = flx
Taylor polynomials are, essentially, higher order versions of the linear approximation.

Example Let f(x) = et'. Then f®)(x) = (%)kl’%“', so [M(0) = (%)P The first few Taylor polynomi-
als of f centered al zero are therefore

o TN N 1 B 1 5 1 15
I;|(,\)~- I, f,(.\)—]—l-i.\, Tz(I)—]+EX+ﬂX =l+§l + g-\'
1 1 1 1 1 1
Ts(x) =1+ =x _'.2_ R £ ~ 52 _..3
T5(x) F21+8\ %23_3!,\ ]+21+8,\ +481
Y
More generally, 3 -
”, l ] ity ’_1'
Tu(x) = L “/\—J'A Vs e
0 2k
n=>0 i
The animation shows the Taylor polyno- :
mials of f(x) = 2" centered at x = 0 for y=Talx)
n=20,123and 4. L
I I ! I
-2 -1 0 1 2



_ 0 and thenatx = z.

| i ir datx
Example Lot us repeat the example with f(x) = sin¥, first centere
First we compute a few derivatives and spot a pattern:

f"(x) = —cosx, f(‘”(x) —sinX, .-

f(x) = cosx, f(x) = —sinx,

With a little thinking, it should be clear that we have
(2;1)(,71) = (_.]_)H
) — (1) i v @) () — Ay
ff (x) = (—1)"sinx . {f (0)=0 and {f(g,,ﬂ)(%):o

I.f,(j,,;l)(l.) = (_1)/:(05_\, f(2n+1)(0 — (_])n

The first few Taylor polynomials centered at x = 0 are therefore

To(x) =0, Ti(x) =x, T(x) = x, T3(x) = x — Thi

Indeed, if 211 > 2 is even, then Ty, (x) = T, _1(x) has degree 2n — 1. In general we have

noo(=1)k 1 1 1
(=1)"_2ker =x— =B+ ===+, Tons2(x) = Tan+1(%)

Tg,4|(.\‘) = AL 1N 2 J b
! A;, (2k + 1)! 3! 5! 7!

Repeating the exercise centered at x = 7 we obtain

" K
o (1) 2% 1 , 1 g 1 6
Tap(x) =kL(,) 0 (x=3F)" =1- 5i (x=3)" +g (x=3) - &l (x-3)" +
The first few of these polynomials are animated below.
I/ 2 .z/ 27 '
y =sinx

I = sinXx
' I

N v [ | ES
I SR Y = T(%)

] ://_
/ 0 - -7 -

A

I —

Centered at x = 0 Centered at x = %

From the pictures, it certainly seems that successive Taylor polynomials provide better approxi-
mations to the original functions, with the approximation improving the closer x is to the center a.
Indeed one might say that Taylor polynomials appear to fit more snugly into the curvature of the
original blue curve as n increases. This reflects the fact that the first n derivatives of T,(x) atx = a
match those of f(x) and, as the following Theorem shows, this property completely characterises the

Taylor polynomials.



1 ‘\L‘ll['\\‘
) N (Equality of —
T 1 v of derivatives). Let T, (x) be the nth Taylor polynomal of f(x) centered at x = @

{ien

l. The value : _
o ; ! tue and first n derivatives of Tu(x) equal those of f(x) at x = @ That is, for any m
R n, we have
{ 121 "
’]‘,v‘”“((’l) — (m) a ( 2 ” _9_’:'_. 5 X) = —L—i---- (I )
" (a) alternately P x::“rn(-) o Y'{ )

2. T, (x) is the unique degree < n polynomial with the above property.
Proof. 1. Note that

a o [kk=1)- - (k—mAD(x—a) i sk
—a) =
0 ifm >k

dl”

(r—n)k B k! ifm=k
dxm ’ “ 10 otherwise

. .. s K (a) -
is a finite sum, and each coefficient L—;.—— 1s a cons

Since the Taylor polynomial Tu(x) tant, it is
now immediate that

dm ) B n dm f(k)((l) K k)
dxm K?‘;I"(x) - 1\;) —dﬁ —a T(x - ﬂ) == f ((l)

as required.

Suppose that p(x) is a degree < n polynomial which shares its value and first n derivatives at

v = awith f(x). Itisa fact! that p(x) may be written in the form

)

p(x) = ) culx - a)
k=0

for some constants co, - - -, Cn- Similarly to our calculations above, it follows that

n

pi(x) = Y ak(k—1)- (k—m+1)(x— a)im = pl"(a) = cmm!
k=m

If pim)(a) = f"(a) for all m < n, then ¢y = L(-";',:—SQ and so p(x) = Ta(x) is the nth Taylor

polynomial of f(x) centered at x = 4.
n

Now that we understand Taylor polynomials, it is a small matter to consider the power series

obtained by letting 11 — 0.
Definition. Suppose that f is infinitely differentiab
is the power series

00 (n)
T(x)=)_ / '(a) (x —a)"
n=0
If the center is a = 0, the Taylor series is commonl

ITo be absolutely convinced of this, you need some linear algebra. ..

le at x = a. The Taylor series of f centered at x = a

y referred to as the Maclaurin Series of s

3



of convergence. This

B al
e its intery Just be careful of the

Example — sin x above.

: ; ) ; % compt
Find the Maclaurin series of f(x) = sin 2x and P

, . i jals of |
tvery siilar to the computation of the Taylor polynomia Y
Lactor ol 2.,

H/(v) sin 2y, then the derivatives of f(x) follow a pattern

'

4 .
’ () (x) = —2%sin2x,. .-
) - 2eos2y, fU(x) = ~Rsinzy,  f7(x) = 2cos2x S (

With a hittle thinking, it should be clear that we have

[ FEM(x) = (—1)"2% sin 2x [ sem)=0 -~
| /@D (x) = (=1)"2%+! cos 2x T fe(0) = (-1)"27

1 tollows that the Maclaurin series of sin2x is

I.( ; ] [\‘1 ',Il.!“ ' I)(()) \“2”‘ 1 Load (” l)“227” i1 P

DR TR WAy P T

Its radius of convergence may be computed using the Ratio Test:

) :12;’:111 21 - 3)1 2 3)(2 2
R = qim (D020 @At | @t )g 112 _ o
o | (20 |)_| (_,]);leZNIB 1—r00 2

It follows that the Taylor series converges for all real numbers and the interval of convergence 15
(—e0, 00).

Common Maclaurin Series

All'of the following may be computed and checked exactly as in the above example.

Function { Maclaurin Series Interval of Convergence
,,_’T,’,:i: — 2
— Yo =14 x4 -l1<x<1
S _|n=0
e il\‘—,{=]+\‘+1\'2+1x3+--- (—00,0)
= ml T 27 6 ’
S - (=1)" 2n4+1 _ . 13 1 5
sinx (,,__(, ESIE =X 6J\ - 120'1 + (—oo, o)
- (“1)“ 2n 1 2 1 4
08 X Y2 =1 — 8!
o jLU 2m!” 2" Tat T )
: 2, (—-1)*-1 1 1 1
In(1+ x Ry = Iy v Sl S =1
(1+x) !Zl . 530+ 50— o [-1,1)

Using these, you can easily find power series representations for similar functions. For example
f(x) = e~ has the following Taylor series centered at x = 2:

S (20 —4)n @ o 92 23
T T L (-2 =142 -2+ (- 22+ (-2 4 -
=0 ! pr il 2 6




N il\ l 1 \Y -‘
3 Y AL
S 1 l [l S 1A d - aclaurin series

- _(_.])n .
—_— _.2 2n+41 _ (_1 n
n=0) (2” + 1)' (\ ) - Z \) an42 » 1 1
H X 216 7 N0
n=0 (2n + 1)! : 6A i 120'\ *

Both of tl
hese e
Moreover, it i;’:a_?;lples converge on the entire real line
v ’ < corem t i i . '
for said function. Lookin 1].:‘“ if a function equals a power serics, then that series 1S the Taylor senes
g back at the previous section, we sec, for example, that

tan ! X = i Lh])” 2t
= 2n+1
where the series has interval of convergence (—1, 1]. This must be the Maclaurin Beries o bt
More advanced ideas
e of which will

There are - : e , .
e are many outstanding questions regarding Taylor polynomials and series, som

be addressed in later courses. For example:

e Does a function equal its Taylor series on the interval of convergence?
« How good an approximation does a Taylor polynomial provide?

s on the function. For all of our
hing more than a little differential e

al their Taylor series. For example,

common examples, the
quations. However

The answer to the first question depend
a little playing with

answer is yes, the argument requiring not
there are plenty functions which do not equ
’'Hopital’s rule should convince you that the function

o127 ifx #0
X)) =
f(x) {O ifx=20

— 0, whence its Maclaurin — 0. It follows that f only

has every derivative fFim(0) series is simply T(x)
equals it Maclaurin series at x = 0.
mial approach to approximately solve a particular equa-
d question is critical. 1f they know, for example, that a degree 7

te the exact (yet unknown) f(x) correct to 3 decimal places, per-
gh to safely design a structure. Without information like this,
Jution’ could fail. Thankfully there are several methods

An Engineer might use a Taylor polyno

tion. In this situation, the secon
Taylor polynomial will approxima
haps this margin of error is small enou
anything depending on the approximate ‘s
for estimating the error in a Taylor approximation.

Suggested problems
le to find the Maclaurin series for the following functions.”

1. Use the standard tab

(a) f(x)=e¢
(b) (x) = cos(2x?)

3x

2you must be able to do this without looking at the table — it will not be given in the exam.



T P VT ST o o === =

| -cos
~=€0s

() I(x) = =
2. Find the Maclaurin series of the given functions directly from the definitions (don’t just quote the

standard table and manipulate!).
(a) f(x) = sin(3x)

y . (2n-1)  _ (2n-1)!
(b) (Harder) g(x) = (1 -+ x)1/2 (}/()ll may find 135+ (2n ~ 1) iﬁitfﬂ = ST 1)

usqﬁx!) .

(a) Use the definition to find the Taylor series for ¢* centered at x = 1.
LS
5.

I
(b) Use the definition to find the Taylor series for sin x centered at x =
(c) How could you have used the standard table of Maclaurin series to answer parts (a,b)

, without finding

S\

more quickly?
(d) Use vour observation to find the Taylor series for sin x centered at x =

any derivatives!
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Tangents and normals

This unit explams how differentiation can be used to calculate the equations of the tangent and
normal to a curve. The tangent 1s a straight line which just touches the curve at a given point.

I'he normal s a straight ine which 15 perpendicular to the tangent

To calculate the equations of these hnes we shall make use of the fact that the equation of a
straight hine passing through the pomt with coordinates (i, i) and having gradient s gruen

by
[/
m
a Uy

We also make use of the fact that if two lines with gradients i, and m, respectively are perpen-

dicular, then i 1 1

In order to master the techniques explained here 1t is vital that you undertake plenty of practice

exercises so that they become second nature.
After reading this text, and/or viewing the video tutorial on this topic, you should be able to:

e calculate the equation of the tangent to a curve at a given point

e calculate the equation of the normal to a curve at a given point

Contents
1. Introduction

2. Calculating the equation of a tangent

3. The equation of a normal to a curve
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the derivative,
calculate '
1. When wethe tangent to the graph of

1. Introduction -
) hown IN dient of i
' (x) such as that the gra - — a. The gradient of this
Consider a functnorj _/éllm e« say, we are fmdmgn e awn at z = 1 |
of the function at'd tD oint. Figure 1 shows the tang
that p y
that function at £

tangent is f'(a).

. — a has gradient f'(a). |
Figure 1. The tangent drawn at . it s Eurie B3 aricula

of the t
We will use this information to calculate the equat'°2 at a point.
point, and then the equation of the normal to a curve <

X i
\__" Key Point

f'(a) is the gradient of the tangent drawn at = = a.

2. Calculating the equation of a tangent

Example
Suppose we wish to find the equation of the tangent to

fl@)=2a-322+ 2 -1

at the point where r = 3.

When r = 3 we note that
f(3)=33—3.32+3—1=27—27+3—1=2

S0 the point of interest has coordinates (3,2).
gradient of the curve at this point. To find this, we need to

The next thing that we need is the
differentiate f(z):
fl(z) =322 - 62+1

We can now calculate the gradient of the curve at the point where z = 3,

F(3)=383"-63+1=27-1841= 10

So we have the coordinates of the required point, (3,2), and the gradient of the tangent at that

point, 10.

www.mathcentre.ac.yk




\.‘\flh]( we w
Wt o

't to calcyl

gent at this point on the curve. e tangent

a
teis the equation of the tan

Mst nas
4SS throg
gh the
POINt and have gradient 10. The tangent is a straight line and so we use

v‘ “1(.‘ "h
%g o Ctthat the EqQuation of 3 ot d
;g‘ S given by 11 or! a straight line that passes through a point (1, 41) and has gradient
; Y-
S . = =1m
L= ry
ul)smulmg the given values
y—2
Y - = 10
x -3
and rearranging
y—2 = 10(r-—3)

y—2 = 100 -30
10x — 28

y =

This is the equation of the tangent to the curve at the point (3, 2)

A
\_\\ Key Point

The equation of a straight line that passes through a point (.r;.y;) and has gradient m IS given

by
y—W

r—a

=1

Example
Suppose we wish to find points on the curve y(r) given by

y=a* -6 +z+3

where the tangents are parallel to the line y = x + 3.

If the tangents have to be parallel to the line then they must have the same gradient. The
standard equation for a straight line is y = mux + ¢, where m is the gradient. So what we gain
from looking at this standard equation and comparing it with the straight line y = z 4+ 5 is that
the gradient, m, is equal to 1. Thus the gradients of the tangents we are trying to find must

also have gradient 1.
We know that if we differentiate y(r) we will obtain an expression for the gradients of the

tangents to y(+) and we can set this equal to 1. Differentiating, and setting this equal to 1 we

find 1
& s _19z+1=1

dr
© mathcentre 2009 [@;(D@@!
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31“.7# 12.1':0 .
solve py factorisation:

= 0

from which

n solv
This 1s a quadratic equation which we ca
3% — 127

3a(r — 4)
r—4= 0

or
y coordinates. We

3r=0
r=4

r=20 or |
ate the corresponding

1l
Now having found these two values of = we Cfn Cf"g‘ 43
do this from the equation of the curve: y = 1" — 6 .

when o =0: y=0"=060"+0+3=3.
i 9 _ __on
when o= 4: y=4'— 6424+ 4+3=064—96+4+3 =25
to 1, and so where the

So the two points are (0,3) and (4, —25)

These are the two points where the gradients of the tangent are equarl

tangents are parallel to the line that we started out with, i.e. i = 4+ .
points

Exercise 1
. . : , at the
1. For each of the functions given below determine the equation of the tangent

indicated.
a) f(o) =3c"—2r+4atz=0and 3.
b) f(x) =5r%+ 122" — 7z at 2 = —1 and 1.

c) f(x) =ac" at = 0.
d) f(x) = (2 +1)" at 2 = —2 and 1.

e) f(x) =sin22 at @ =0 and g
f) f(x) =1—-2rat a = -3, 0 and 2.
2. Find the equation of each tangent of the function f(z) = 2* — 52% + 5z — 4 which is parallel

to the line y = 2r + 1.
3. Find the equation of each tangent of the function f(z) = 2®+22+z+1 which is perpendicular

to the line 2y +a + 5 = 0.

3. The equation of a normal to a curve
In - mathematics the word ‘normal’ has a very specific meaning. It means ‘perpendicular’ or ‘at

right angles’.
4
™ tangent
] .~ hormal

Figure 2. The normal is a line at right angles to the tangent.

www.mathcentre.ac.uk 4



I we hf‘VC
n the tangent

d Curve
such as that shown in Figure 2, we can choose a point and draw |
Iso at right

to the curve - I
: e ; |
angles ( 1t _that Point. The normal is then at right angles to the curve s hee
J Perpendicular) to the tangent

We n . .

that ow find the equation of the normal to a curve. There is one further piece of information

right we need in order to do this. If two lines, having gradients iy and 72 respectively, are at
gt angles to each other then the product of their gradients, rrymz. must equal —1.

~
\y/ Key Point

If two lines, with gradients m; and my are at right angles then mmz

S, |

Example
Suppose we wish to find the equation of the tangent and the equation of the normal to the curve

y=r+ -
Y =

at the point where @ = 2.

First of all we shall calculate the y coordinate at the point on the curve where = = 2:

_39
~ 9

bO | —

y=2+

dy

Next we want the gradient of the curve at the point = 2. We need to find i

Noting that we can write y as y = 2 + 2~ then

1 .
Yo1-a2=1-=

da 2

Furthermore, when a2 = 2
dy 1
de — 4
This is the gradient of the tangent to the curve at the point (2, %) We know that the standard
equation for a straight line is

: 3
T4

y— 4% _
T —T
With the given values we have
y=3 . 3
9~ 4

www. mathcentre.ac.uk 5 @ mathcentre 2009 L@®;©I;®II;I!




rangmng ‘

. ',) _ 3(r- ‘_“y
4 (H =5

1y - 10

_17/ o .;4' T -I
| _ 3+ 4
=215 ']_“A’ - ™
oint where I = -
So the equation of the tangent to the curve at the po
: e.
+he normal to the cury h
Now we need to find the equation of the R o Rcwca” o

adient of th ) So

uppose the gr _1. We know 111 =

nt of the normal be m,. S -
Let the gradie AN

the normal and the tangent are perpendicular and h

and so |
mo = —
oint on the curve through which

So we know the gradient of the normal and we also know the p

5}
It passes, <2, 3).
As before,
y= = m
I — 1
l —% _ 4
r—2 3
Rearranging
3 <y - g) = —d(r-2)
15
3y — = = —Jr+8
2
.15
3.1/ +dur = 8§+ —)-
. 31
3,1/ + da = ?
Gy + S = 31

This 1s the equation of the normal to the curve at the given point.

Example

Consider the curve ry = 4. Suppose we wish to find the equation of the normal at the point
2. Further, suppose we wish to know where the normal meet the curve again, if it does.

4 (© mathcentre 2009 @®©@

r =
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N\‘| e

that )
. 'Cequato
dtion o
f the given curve can be written in the alternative form y

araph of the function ) .j
= =sc 3 P
- shown in | igure 3.

normal

Lo

/ tangent

Figure 3. A graph of the curve ay = 4 showing the tangent and normal at @ = 2.

From the graph we can see that the normal to the curve when a2 = 2 does indeed meet the curve
again (in the third quadrant). We shall determine the point of intersection. Note that when

We first determine the gradient of the tangent at the point @ = 2. Writing

p— ‘1
YT
= Ja!
and differentiating, we find
dy .
_L{ — —.'137"2
dx
— ‘1
a2

dy 4

—— =1
da q
So, we have the point (2.2) and we know the gradient of the tangent there is —1. Remember
that the tangent and normal are at right angles and for two lines at right angles the product of
their gradients is —1. Therefore we can deduce that the gradient of the normal must be +1. So,

the normal passes through the point (2,2) and its gradient is 1.

(© mathcentre 2009 @

Now, when r =2
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ANSWers

Exercise 1

1. a :—-2 = y
)y r+4, y=16x — 23 b)y=-162-2,y=322-22 c)y==z,

myz_mm—ouay=Mm_m,enﬁﬂ$y=T+1§_z
f)?/:1—2l,y=1_.2‘r‘y=1_23: ' - 2 6|
95

2. 1 :2—'— = —

y v 57 y=2xr-—13
3. !/—_—2.1,'+2,1 :2L+%

v 27
Exercise 2 323
1

e (e ar — | A
I a)At.L—O.y—~3:1,+1,y=_§H;+1,At;E=4;y:llr—lﬁo.y:—-ﬁ-’b‘*’ 5
b)At:l;z——lty=:l:+8,y=—rc+6,Atm=l:y=$.y=—$+2

m ™ 1 i
NAtr=—y=22+1——=, y=—=x -
) Y= 2e 5 Y 2:z+1-i—8
d)AtJ?:—2:y=3—m,y=m+7,Atx=0:y=3—-’b'.y=1‘+3-
Atr=1y=3—-z,y=ax+1

SR VPR .
Y= T YT T 12




CURVATURE AND RADIUS OF
CURVATURE

5.1 Introduction:

Curvature is a numerical measure of bending of the curve. Ata
particular point on the curve , a tangent can be drawn. Let this line
makes an angle W with positive x- axis. Then curvature is defined as the

magnitude of rate of change ol ' with respect to the arc length s.

av
~ Curvature at P = l I

It is obvious that smaller circle bends more sharply than larger circle

and thus smaller circle has a larger curvature.
Radius of curvature is the reciprocal of curvature and it is denoted by p.

W,

e Radius of curvature of Cartesian curve: y = f(x)

[1 (dy)zr/z
+
p= Idzy : (H,il') (When tangent is parallel to x — axis)
dx? 2
[ e J3/2
1+(-—
p= (When tangent is parallel to y — axis)
Idyz

¢ Radius of curvature of parametric curve:
x =f(t),y =g(t)

(x'2+ y'z)g/z
ey ]
Example 1 Find the radius of curvature at any pt of the cycloid

x =a(@ + Sinf), y = a(1- cosh)

. o0 __dx ' d .
Solution: x el a(l+cosf)andy = % = asinf

dy

’ d 1
, wherex =—and y =
dt dt

p:

Page | 1



d’y _ acos b

5 n - - 2
. d*x __asinb and Y a0

S TE

/2
( 2, V\_Nvim (a?(1+C05 0
AT = -
Now p = _a.w_rk_k:_ a2(1+Cos 9) Ce

12
)s 0 + a? sin 0

3/2

=2
:A.~+8m$+macmm+m5 0)
- momu+8mmm+ﬂ.=mm

:Q+N8m$u\m

- 1+cost
_ 2yZaiTcosh
0

—2+2a N\nowwo = 4acos 3

Example 2 Show that the radius of curvature at .hw:u\ wo:: of the
3,y =asin’@) is equal to

e 1-2/3 2/3 — 2/3 —
curve x</° + = a*/° (x=acos .
¢ in to the

three times the lenth of the perpendicular from the orig

tangent.
. dx 2 . _ 4
Solution : o = 3acos“f sinf =X
Y~ _ 3a5in%0 cosd =y
6
x'=%% = L (_ 33c0s%6sin 9)
T a2 a6
=—3a [-2 cos 8 sin?6+cos30]
=6acos 0 sin” 6§ —3acos’ @
y' 4y _ 4 (3asin? fcos 9)
de2 ~ de
= 3a(2sin 8 cos?0 — sin30)
= 6asin 6 cos?0 — 3a sin36
R\N+ ~N w\N
Now p= ( ‘ ev
[xy"-y x|

. 3 3/2
(9a%cos*0sin?6+9a?sin*@cos?6) ¢

[(=3acos?6 sin@)(6a sinfcos26—-3asin36)-3asin?6 cos 6(6a cosl sin20-3a cos38)|

Page | 2




e [9a2cos?sin?0 (cos?6 + sin%0) \ /2
1842 sin? fcos* B+9a? cos26 sin*0-18a? sin* Ocos?0 + 9a? sin? Bcos*0|

= 93/2(q cos@ sinf)3
|-9a2sin26cos*6 - 9a? cos?6 sin*0)|

- (9)3/2(a cos@ sin 6)*
9a2 cos20sin20 (cos20+sin?6)

= p=3asinfcos® - (1)

The equation of the tangent at any point on the curve is
y—asin3 g =—tan 0 (x—acos39)
=>xsir19+ycos€—asin90059=0 ........ 2)

-~ The length of the perpendicular from the origin to the tangent (2) 18

_|o.sinf+0.cosé -a sin6 cos6|
P Vsin26+ cos?6

=asinf cos@ ... (3)

Hence from (1) & (3), p= 3p

Example 3 If p & p "are the radii of curvature at the extremities of two
conjugate diameters of the elhpse + —— =1 prove that
(p2/3 + p'z/s) (ab)z/3 — a4+ b?

Solution: Parametric equation of the ellipse is
x =acos 6, y=b sin 6

’

—_asinf, y=bcosO

x'=—acosf, y =-bsinf _
The radius of curvature at any point of the_- ellipse is given by

(azsm26+ b? cos? b) HE
|(-a sme) (-bsme) (bcose) (—acose)\




3/2
(asin20+ b2 cos”0) (1)

ab

. 1 te
: her conjuga
For the radius of curvature at the extremity of otl

m .
diameter is obtained by replacing @ by 6 + 5 11 (1)-
Let it be denoted by p’. Then

; 5 \3/2
. (a?sin?0+ b2sin? 0) /

P ab
. p2/3 4 123 = aZsin20+ b? cos?0 | a?cos®0+ b? cos® 6
. P (ab)2/3 (ab)?/3
a?+b?
(ab)?/3

— (ab)?/?3 (p2/3 n p'2/3) — g4 b

Example 4Find the points on the parabola y? = 8x at which the radius
of curvature is %

6
Solution: y = 2v/2 v/x

:ﬁ — -1
71 Vx ’ Y2 = VZx3/2
(1+y2)*? 213/2 a/0 2/
g Gl P R P N TC A

. 12.5 125 = A3
Given p="2 = (x + 202 = 222 =(Z)

e 3/2 ] _5_
(x +2) o

25
:>X+2:E- = X =

@©|w

=y'=8(3) ie.y=33

Hence the points at which the radius of curvature is %?— are (9 & 3).

Example 5 Find the radius of curvature at any point of the curve
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Y = Ccos h (x/c)

Solution: y, = -; Sin h ;z Sin h (E)
YV, = % cos h %

Now, p "
2

(1 +Sin hz(g))s/z

i oshf-
CC c

= Ccos hz(E)

= 1.2
= p = Y
ax
e = —, prove that
Example 6 For the curve y =—=, p

)" -+ )
a - y . .
where p is the radius of curvature of the curve at its point (X, y)

. ax
Solution: Here y= o

_ (a+x)a-ax (1)

= VT T (@2

B (a+x)?

) _ -2a?

Y2 (a+x)3

3/2
(1+97)
ow, =
N P Y2

a
(a+x)*

4 ]3/2 (a+x)3

a [1 i+ 2 (-2a2)

4 )2
. 2/3 = a ] .o
P [1 + (a+x)%] (_2)2/3 a/3
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22/3

(a +x)2 W —
2\ 2/3 _L_] —73 .43 a?/?
(f(_l/Z) - [1 t a0t 2a
4 2
1 a ] a+x)
Tz [1+ (a+1)* (

RE-Silaiuadt oy bt St At SRR
et R e | L e
- et B AR T

a4
=;1_2 [(a+x)2 (71‘;,7)5]
- (29" + ()
- ()

— 7 int
Example 7 Find the curvature of x =4 cost, y = 3 sint. At whatlpzsq
on this ellipse does the curvature have the greatest & the least values:
What are the magnitudes?

5 '973/2
Solution: p= (x 2+y Z)
[xy"-y'x’|
Now, x' =-4sint = x"=-4cost
y' = —3cost = x"" =- 3sint
3
s = (16sin? t+9 cost? t) /2

-4sint (-3sint)-3 Cost (-4Cost)
= % (9 cost? t + 16sin? t)3/2
= (p.12)%/3 =9 cost’t + 16 sin 2 t

Now, curvature is the reciprocal of radius of curvature. Curvature
is maximum & minimum when p 1s minimum and maximum
respectively . For maximum and minimum values;

%(16sin2t+9coszt)=0

= 32 sint cost + 18 cost (—sint) =0
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4 sint cost = @

= 1=0& T
2

At 1=0 e at (4,0)
(12 p)2/3 <9

= 12 p =93/2

:} —— A 'i:g
.’D 4 "p 9
Similarly, at t =2 ic at (0,3)
(12 p)2/3 = 16
12p =43

- £ —
p =16/3 e

. 4
Hence, the least value is ]32 and the greatest value is ~

Example 8 Find the radius of curvature for \E - J% =1 at the points

where it touches the coordinate axes.
Solution: On differentiating the given , we get

The curve touches the x-axis if Z—z =0ory=0
When y = 0, we have x = a (from the given eq")

= given curve touches x — axis at (a,0)

. dx
The curve touches y — axis if e Oorx=0
y

When x =0, we have y=b

= (iven curve touches y-axis at (o, b)
Cy_p)fp1 1y
dx \/;{ﬁ 2x 2 \/;} tirom (1)}
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dly 1 b b

At (a.0), ;:—-‘ “Zaa  2a’

p— 32 2a? _ 207
i) 4 Ty
- ./\t (u‘()). /) = g———yl,——" - (l "* ()) 1] )
~273/3
@] e
At(o.b), p="—F— T 7
. . av? . ar curves ' = ‘(O):
5.3 Radius of curvature of Polar curve:
(7’2+"12)3/2 dr I ﬂ'_)
— (wlzere "= 2T ae?

C2rZer2orn
Example 9 Prove that for the cardioide r=a ( 1 + cos 0),
2
’:—_ IS const.

Solution: Here r=a (1+ cos 0)

=mn =-alSinf and rn,=-acos b

w1 R =

a? [(1+ cos@)? + sin?0] = 2a% (1 + cos B)

r2+ 2rf —rr? = a?[(1 + cos )% + 25in?6 + cos (1 + cos 8)]

= 3a? (1 + cos 9)

2 _ (r2+12)° _ 8a%(1+cos8)® _ Eaz (1+ cos 6)
(r2+2r12—rr2)2 9a* (1+cos )2 9

= p2= 82,
'0 9
p> 8a N
== which is a constant.
N

Example 10 Show that at the point of intersection of the curves
r=a @ and r @ = a, the curvatures are in the ratio 3:1 (0 < < 2m)
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hf)lllllﬂll: The
given by g 92 -
Now [or (he CL

DOINS of intersec:
I. ' '8 ofintersection of curves r=a @ & r 6 = a are
Saor = 4

VI e a
trve r=a 0 we haver, =a and ;=0

S ALO = 4] ,,_|L_+L_] _a(evd) _
| = —=S==p
10=+1

2a24+a20%-0 3
FFor the curve r 9 = a,

o 2a
l = . - -—
175z and o

3/2

12 az
a- + '—-f) (1+92)3/2
ALO =+ _| &5 =[_____
- ]’ p a 64 0=+1

2a2 a? z2a?
Ttz e

Example 11 Find the radius of curvature at any point (r, 8) of the curve

Pt

d

mo_

[ cosm@

m

Solution: r"=a" cosm 8

= mlog r = mlog a + log cos m 6

sinm@

= % [ =-m (on differentiating w.r.t. 8)

cosmé
=>n=-rtanm@ ...... (1)

Now 1, = — (1] tan m @ + rm sec’ m 6)

=rtan’m @ — rmsec’ m 6 (from (1))
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. 3/2
(12412 tan?m6) —
l"e e I.2 n]sec m

. — p . 2
S P T 2 2r2tan?mb-ritan

=
rIsec’mO =——+—1-SGC mo

o rsecm?

a r-’-seczm0+r2msec2m9 m

|

(1. 6)
. . e at the point (I
Example 12 Show that the radius of curvature at the p

3
2. T
2 — al
of the curve 1" cos2 @ =a” 18 5

Solution: r2 = a*sec26

= 2rr; = 2a®sec 20 tan20
= n, =rtan2f

and r, = 2r sec?6 + rytan26

=2rsec’2 6 +rtan’2 0 (wr=rtan28)

3
(r1+r12)3/2 . ((r2+r2tan226 )) 2

2rf+r2-rr, p= 2r? tan?2 +r2-r2 (2sec?20+tan?26)

Now p=

_ (rzseczze)s/2

 2(2tanZ20+ 1-2sec226-tan?26)

_ r3sec320
risec?20

=rsec 26

P21
:r‘—- = —

a? a?

5.4 Radius of curvature at the origin by Newton's method

It is applicable only when the curve passes through the origin and has x-
axis or y-axis as the tangent there.

When x-axis is the tangent, then
2

X
=lim,_,—
P =05
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. . ) o ori or rcurve
S, Find the radius of curvature at the origin, (or the ¢t

2x" - :‘;.\"._\’ f ‘l_)’:‘ - )’;"“3,\' = ()

Ans. p 3/2

i . . L2 Aat(a-x) o . we the
6. Find the radius of curvature of y” = —————at 4 point where t
curve meets X — axis

Ans. p - a

7. Prove the il py, p» are the radii of curvature at the extremities ol a
focal chord of a parabola whose semi latus rectum is / then

(p) =23 + (p) ™23 = ()%

S Find the radius of curvature to the curve r = a (I1+ cos @) at the point
where the tangent is parallel to the initial linc.

A ) = —‘2 1
118S. .l
f V3 ‘

. . Al y2 a?b? .
9. IFor the ellipse =t 5= [, prove that p = —— where p is the
z T, P

perpendicular distance from the centre on the tangent at (X,y).
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UNIT -1
GEOMETRICAL APPLICATIONS OF DIFFERENTIAL CALCULUS

Curvature:
At each point on a curve, with equation y=f(x), the tangent line turns at a certain rate. A

measure of this rate of turning is the curvature

“(x)
(L4 [F D
Radius of curvature in Cartesian form:
If the curve is given in Cartesian coordinates as y(x), then the radius of curvature is
av
=01+ [ 2)73/2)/>" where y'=dx, yh=(d2 v axtzy |
Radius of curvature in Parametric form:

If the curve is given parametrically by functions x(t) and y(t), then the radius of curvature is

_me) dx d'x . dv  d%
e vy —FF ‘ = v.l-\z-—-|—|‘v =—‘V= ]
B Fes dt’ dt? de’”  dt?
Examples:
14
1. Find the radius of the curvature at the point \ 4 /on the curve VI+y=1,

Solution: V¥ +7 =1

Differentiating w. r. t x ,we get

"~

=

+
[g]
|
Il
(=]
=

¢ 1 a\
(z1) .
Atl ¢4 / v =-L

Y= = [V 172V Y =Ny 1/@2Vx) /x]



R 2 1/2))/(1/4)] = 4.
‘44‘1) = —[(1/2 1/(21/2) -1~ 1/2 U

ul

lea

4 \

{1+1)2 1

Solution: -

Differentiating y w. r. t x we get

v = zonn ()

v'=1/c cosh(x/c)

Find the radius of the curvature of the curve y = x¥(x-3) at the points where the tangent is
parallel to the x — axis.

Solution: y = x*(x-3)

Differentiating y w. r. t x we get

v =3x% - 6x

T =6x—06
The points at which the tangent parallel to the x — axis can be found by equating y' to

Zero.

e, 3vf-6x=0=2x=0x=2

Atx=0y"=-6. Atx=2,y"=6.

o |

Therefore at x =0 and X = 2, P=

Prove that the radius of the curvature of the curve at any point of the cycloid
4acost
v =alt+ sint),y = all +cost) js~ 2

{



Solution: we have ¥ = alt 4 sne) v = a1 + cosr)

Gx ' -
< L

Therefore 77 = @' 1 + cosr) —= = gsint.
at
2sinr 2
L a / 5 Cost
ey _ ar _ asinr ) tanr
dr  dx - - L 2
Now lgr @IFCOSTT grpeal -
Qv g (52) = 2 (L 9 (EREEE = 2ppeal L= sects
—_——_— ) = — =\ N7z = 3% "3 T 4a 2’
Also ax% _ ax\ax) = ax :,)_ ar 2)ax 2 2a/l +costi  4a 2

5
Hence a~"" 2

Centre and Circle of curvature:

Let the equation of the curve be y = f(x). let P be the given point (x,y) on this curve and Q the
point (x+Ax,y+Ay) in the neighborhood of P. let N be the point of intersection of the normals at
P and Q. As Q—P, suppose N—C. Then C is the centre of curvature of P. The circle whose

centre C and radius 2 is called the circle of curvature. The co-ordinates of the centre of

curvature is denoted as (¥, ).

where (¥) =x— "1+ Ey"E12)yy-, oY =y+({@+ Ey"372)/y" .

Equation of the circle of curvature:

If (.77} be the coordinates of the centre of curvature and 2 be the radius of curvature at any
point (x,y) on a curve, then the equation of the circle of curvature at that point is

“,\‘ . 3.—)2 + {‘ _ T): - .’?:

Examples:

1. Find the centre of curvature of the curve %y = x*

Solution: a*y = x*
dy 3x? Ld*y 6x
_—=— QNA — = —

as QY-



~

Y 93" 5'\'3 + E——)
NE e
Therefore the required centre of curvature 1S

/1
2. Find the centre of curvature of y = x* at \ 4

Solution: y' = 2x, y" = 2.

/1
)
At V4 / y'=1y" =2

1 4+l 1 —1+1=§
Therefore ~ ~ 2 2~ T2 T 4
1)
(%)
Therefore the required centre of curvature is 4/

3. Find the centre of curvature of the curve xy = a® at (a,a).

2
Solution: ™ = —a'2/x"2 ,3* =2a"2x"(-3) At(aa)y =-1,y"=a
2 2
¥ =a+5;—=2ay =a+5-=2a
Therefore “a /o

The required centre of curvature is (2a, 2a).

3a
. 4 2.3a)
4. Find the circle of curvature of the curve ** + ¥* =3axy atthe point \ 2 /°
Solution: ¥ + »* = 3axy
3v3 +30v7)y = 3a(xy + 1)
. oar—x*
Vo=
T vIoqay




e ¥
({72

) v = "2 @Y - ayy"2 - an)'2
V ":" 5 Ly £ b
F33212) = (-32)/3a
=
Y=2_ 2 21a
2 32, T &
/3’:5 .s
Yy w le - 2 -1a
52
/3. 16
( :lg‘-= 21a) R Ch
- e * P - ,.........) E e ':"‘""
The circie of curvature s .I 15) ( 16 128
g? ys
R e e ]
5 Find the circle of curvature at the point (2.3)on 4 9
2& :s‘-, f “{;‘ 5 ~3
) = 0 v m o v (23 W
Solution 4 9 ) .

e (=9 = 1W(AxT2) et (23 = (5D

.-

y e )

12, T p
- (1+ ‘)/4) 5
V =3 + =3 i
5

( 1'5’») 4.(\‘ s)"u'
i b d Y -

The circle of curvalure 18 4 ; W
Evolute and Involute

Evolute: £volute of the curve is defined unmdmmdmm that
curve. '

Involute : If C"is the evolute of the curve CMC&Mtu'maQO c
Procedure to find the evolute: ' |

Let the given curve be fixy.ab} = 0. {1}

Find y and y” at the point P,




(vt (1 + K_VT'] 2Ny ,

- : X)) =X—
Find the centre of curvature (X.1). Using (
G Y =v+id+ By 2y, (2

Yo ad)=0 (3)
Eliminate x, y from (1), (2) we get f((X ) Q) )
Equation (3) is the required evolute.

Examples:
v — (B e ‘= ai 1 —cos6 is another
1. Show that the evolute of the cycloid ¥ = {6 + sinf), ¥ = al

cycloid given by X = a(6 — siné),y — 2a = a(l + cosb).

ax 0 5) av @
. —=a c05G), —= = asi
Solution: g& = ¢+ +¢ dé
. av .
av : /a'é‘ _asing tané

ar _av o S
A (‘-‘/(:'5 a(l + cosé) 2

&

= Q/AG (Tan 6/2) (A6 )/dx = (Ksec) 4 6/2)/4a

-
tan g

_’{'l +ran:%i
X =al+sing)—-— < _ a(f + sinf) — 2asiné = a(6 — sindy

Sect f/
4Q )

1+ ranzg} 6
— = a(l - cos8) + 4acos‘§ = a(l + cos8) + 2a.

sec‘%/
4a

X = a6 —sing), v - 20 = a(l + cos6)

Q

V =a(l - cosé) +

The locus of X and ¥ js x = a6 — sinf),y — 2a = a(1 + cosf)

Prove that the evolute of the curve ¥ = a(cos@ +8sin6),y = alsing — 6cos6) is a

circle ¥* + % = %,

C".Y ) s ‘ d_\' ;
Solution: 7 = (=516 + 5iné + 6cos6) = abcost, = = afsing.

}
D

~

! dv .
ar /,7' . QGcos

: — = fQné
adsing

= —
§

U@ k/a 6

5

P

" =16 KcosY 36)



X = alcosh + Gsing) - tandi 1 + tan-6i ~ acoss
1/ <6 '
abcos
Y =calsing — GcosE)+ (11_‘_+ ran’o) = asiné.
-G

afcos®

Eliminating , X and }T we get X4 }T:: Qs .

The evolute of the given curve is ¥* + % = a*
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SRR 4 A
. I AppLcations of Denvatves

417 . _— : '
Use the first derivative test to find all local extrema for f(x) = Vx — 1.

]

h st e F e
~-Uncavit oints of Inflection
We now know how to determine where a function is increasing or decreasing. However, there is another issue to consider
regarding the shape of the graph of a function. If the graph curves, does it curve upward or curve downward? This notion is

T

called the concavity of the function.
4.34(a) shows a function f with a graph that curves upward. As x increases, the slope of the tangent line

Fiqure
increases. Thus, since the derivative increases as v increases, f' is an increasing function. We say this function f is

concave up. Figure 4.34(b) shows a function / that curves downward. As v increases, the slope of the tangent line

decreases. Since the derivative decreases as x increases, /' is a decreasing function. We say this function f is concave

down.

2iiila el

1

Let / be a function that is differentiable over an open interval 1. If f is increasing over /, we say f is concave

up over /. If /" is decreasing over /., wesay f is concave down over /.

Yy

y
I*is decreasing

4
! f'is increasing
f'is cancave up fis concave down

t'
i

: boox ; TR
(a) (b)
Yi Yy
/ 1'is increasing
f'is concave up 2

1’ is decreasing
tis concave down

a b X a b X

(d)

©

Figure 4.34 (a), (c) Since f* is increasing over the interval (a, b), wesay o
is concave up over (a, b). (b), (d) Since S’ is decreasing over the interval

(a, b), wesay f is concave down over (a, b).



chapter 4 | Applications of Derivatives

inition, a function f is
then f' is increasing
(x) > 0. Similarly,
is decreasing if its derivative
g this logic is known

. iry? By def
ine its concavity:
. an we determine 1 .
ShaEnersl; witfout i tegeaphiol SIS oh h(])(w iv that if /' isa differentiable function,
3_ we Kno

"
concave up if f' is increasing. From Corollary iable is concave up when f

. wwice differen
fE s P i ; t is twice differe
if its derivative f”(x) > 0. Therefore, a function f tha iiable function ./’

TR ; differe ]
a function f is concave down if f” is decreasing. We know thata when f7(x) <O. Applyin

f"(x) < 0. Therefore, a twice-differentiable function f is concave dow

as the concavity test.

Theorem 4.10: Test for Concavity [

Let f be a function that is twice differentiable over an interval 1.
i. If f7(x)> 0 forall x €1, then f is concave up over /.

ii. If f"(x) <0 forall x €1, then f is concave down over /.

f. In addition, we

We conclude that we can determine the concavity of a function f by looking at the second derivative of
oncavity only

observe that a function f can switch concavity (Figure 4.35). However, a continuous function can switch ¢
atapoint x if f”(x) =0 or f"(x) is undefined. Consequently, to determine the intervals where a function f is concave
up and concave down, we look for those values of x where f”(x) =0 or f"(x) is undefined. When we have determined
these points, we divide the domain of f into smaller intervals and determine the sign of f” over each of these smaller
intervals. If #” changes sign as we pass through a point x, then f changes concavity. It is important to remember that a
function f may not change concavity at a point x evenif f”(x) =0 or f”(x) is undefined. If, however, f does change

concavity at a point @ and f is continuous at a, we say the point (a, f(a)) is an inflection point of f.

Definition

If f is continuous at @ and f changes concavity at a, the point (a, f(a)) is an inflection point of f.

inflection point
(a. f(a@))

xY

>0 a

>0

| f'<0
>0

>0
f'<0

f'<0
<0

e . ]

Slope increasing Slope decreasing
Figuwre 4.35 Since f”(x) > 0 for x < a. the function S is concave up over the interval

'
t
!
)
§
I
i
1
H
t
i
1
1
1
1
i
i
!
1
H
i
.

(=00, a). Since J"(x) <0 for x >a, thefunction f is concave down over the interval

(@, ). The point (a, f(a)) is an inflection point of f.



MIARICT 4 ) Application.
Phlications of Derivatives B

Example 4,19

Testing for Concavity
For the function f(x) = x3 — 6x2 + 9x 430, determine all intervals where [ is concave up e
sults.

where f is concave down. List all inflection points for f. Use a graphing utility to confirm your re

Solution
["(x). The first derivative is

To determine concavity, we need to find the second derivative
If the function changes concavity, it
we need only

Sx) = 3x2—12x + 9, so the second derivative is f"(x) = 6x — 12
occurs either when f”(x) =0 or f”(x) is undefined. Since " is defined for all real numbers x,

find where f”(x) = 0. Solving the equation 6x — 12 =0, we see that x =72 is the only place where f could
change concavity. We now test points over the intervals (—co, 2) and (2, o0) to determine the concavity of f.

The points x =0 and x = 3 are test points for these intervals.
Sign of f”(x) = 6x —12 at Test Point Conclusion 4\

Interval Test Point

f is concave down

(—o0, 2) x=0

f is concave up.

(2. o0) x=3 +

interval (—o0, 2) and concave up over the interval (2, oo). Since

We conclude that f is concave down over the
f changes concavity at x = 2, the point (2, f(2)) = (2, 32) is an inflection point. Figure 4.36 confirms the

analytical results.

357 2. 32)

f(x) = x3 — 6x% + 9x + 30

10+

1 3 !
T T T T T

-1 0 1 2 3 4 5

-5
Figure 4.36 The given function has a point of inflection at
(2, 32) where the graph changes concavity.

(«2]

-

o 4+
xV
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_/. 15 CO”(.’(]V(- ”p € ”d L Il’ “IH re / it
rva e
IS Whel‘

——p 3,32 . fi 1l inte
?hAJ 4.18 For f(,\) = —x + ’2—.\ + 18,\y ﬁnd a
concave down. . o
d nd derivatives of @ function J provide about the
. . irst and seco
We now summarize, in Table 4.6, the information that the fi
. P | . N -1 > 4, G /___—
graph of f, and illustrate this information in Figure 4 37 po—
ina?
! Slgn of fi I Slgn of f” Is f increaSing or decrea5|ng |
Concave up
I Positive Positive Increasing IDe—
Concave down
Positive I Negative Increasing —
. Concave up
Negative Positive Decreasing
; ; Concave down
Negative Negative Decreasing

Table 4.6 What Derivatives Tell Us about Graphs

Y

'<0
f’l<0

>0

F<0 ; £0
" fl'<0

=0 >0
fis increasing

fis increasing
fis concave down

fis increasing
fis concave down

fis concave up

fis decreasing
fis concave up

i
t
|
1
function is increasing over /. If f'(x) < 0 forall x € /, the function is decreasing over I. If f"(x) > 0 forall

x €1, the function is concave up. If f”(x) <0 forall x €, the function is concave down on 1.

The Second Derivative Test

The first derivative test provides an analytical tool for finding local extrema, but the second derivative can also be used to
locate extreme values. Using the second derivative can sometimes be a simpler method than using the first derivative.

We know that if a continuous function has a local extrema, it must occur at a critical point. However, a function need not
have a local extrema at a critical point. Here we examine how the second derivative test can be used to determine whether
a function has a local extremum at a critical point. Let f be a twice-differentiable function such that f’(a) =0 and b

is continuous over an open interval / containing a. Suppose f”(a) < 0. Since f” is continuous over I, Sf"(x) <0 for

all x €l (Figure 4.38). Then, by Corollary 3, f' is a decreasing function over /. Since f'(a) =0, we conclude that

e Geok s avaitable for fren at ity fienx oradeonlentico)119684/1.2
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forall v e L f'(x)y>0

al ¥ =ga. On the other h
over

if x <a and FX)<0if x> a Therefore, by the first derivative test, f has a local maximum
an open interva] J a::l;t?:p.POSE there exisl.s apoint b such that f'(b) =0 but f”(b) > 0. Since f” is continuous
increasing function over J N ning ‘Ib, then f”(x)> 0 forall x €I (Figure 4.38). Then, by Corollary 3, f’ is an

- oince f"(h) =0, we conclude that forall xe/, f'(x)<0 if x<b and f'(x)>0 if

X > b, Ther " .
erefore, by the first derivative test, f has a local minimum at x = b.

y

fa) = 0

Figure 4.38 Consider a twice-differentiable function f such
that f” is continuous. Since f'(a) =0 and f"(a) <0,

there is an interval / containing a such that forall x in I, f
is increasing if x < a and f is decreasingif x > a. Asa
result, f has a local maximum at x = a. Since f'(b) =0
and f"(b) > 0, thereis aninterval I containing b such that
forall x in I, f isdecreasingif x < b and f is increasing

if x > b. Asaresult, f has alocal minimum at x = b.

Theorem 4.11: Second Derivative Test

SV RS L]

Suppose f’(c¢) =0, f” is continuous over an interval containing c.
i. If f”(c)> 0, then f hasalocal minimum at c.
ii. If f”(¢) <0, then f has alocal maximum at c.

ii. If f”(c)=0, then the testis inconclusive.

Note that for case iii. when f”(c) =0, then f may have a local maximum, local minimum, or neither at c. For

example, the functions f(x) = x3, f(x) = x4, and f(x) = —x* all have critical points at x = 0. In each case, the
second derivative is zero at x = 0. However, the function f(x) = x* has a local minimum at x = 0 whereas the function
fx) = —x* has a local maximum at x, and the function fx) = x> does not have a local extremum at x = 0.

Let’s now look at how to use the second derivative test to determine whether f has a local maximum or local minimum at

a critical point ¢ where f'(c) = 0.

Example 4.20

Using the Second Derivative Test
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for (0= &%= 5%
. extrema for X) =~ -
Use the second derivative to find the location of all Jocal

The derivative is
salttion find critical points ¢ where f' (€)= (0. The derivative
ivati i eed to 1N g )
To apply the second derivative test, we first nee 0 t\/3-
2(,2 _13)=0 when x =1
£ (x) = 5x4 - 15x2. Therefore, f'(x) = 5x% — 15x2 = 5x (x 3) 0

s the si f f” atthese
of these points, we need to evaluate the sign of /

To determine whether f has a local extrema at any
points. The second derivative is

f(x) = 20x7 = 30x = 10x(2x* - 3).
d use the second

_— riti oints an
In the following table, we evaluate the second derivative at each of. t!1e crmtc«;]n pof ‘hese points.
derivative test to determine whether f has a local maximum or local minimum at any

x ["(x) Conclusion
-V3 -30V3 Local maximum
0 0 Second derivative test is inconclusive
V3 30V3 Local minimum
By the second derivative test, we conclude that f* has a local maximum at x = —V3 and f has alocal minimum

at x = V3. The second derivative test is inconclusive at x = 0. To determine whether f has a local extrema at

x =0, we apply the first derivative test. To evaluate the sign of f’(x) = 5x2 (xz - 3) for x € (—\/5, 0) and

x € (0, \/ﬂ let x=—1 and x =1 be the two test points. Since f'(—1) <0 and f’(1) <0, we conclude

that f is decreasing on both intervals and, therefore, f does not have a local extrema at x = 0 as shown in the
following graph.

]

R ——
L
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f
{
1

y

f(x) = x* — 5x°
10+
-3 0 x
10+
Figure 4.33 The function f has a local maximum at x = —V3 and a local minimum at x = V3

+71 419 Consider the function f(x) =x3—(%)x2— 18x. The points ¢ =3, —2 satisfy f’(c)=0. Use the

wowrsnd]

second derivative test to determine whether f has a local maximum or local minimum at those points.

We have now developed the tools we need to determine where a function is increasing and decreasing, as well as acquired
an understanding of the basic shape of the graph. In the next section we discuss what happens to a function as x — +oo.

At that point, we have enough tools to provide accurate graphs of a large variety of functions.
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Tracing of curves

For the given equation of a curve, though the nature of the curve can be studied by investing properties
such as continuity and differentiability at different points of the curve, a diagrammatic representation
of the curve often helps the readers to understand these properties in a better way. In this chapter, we

first discuss the general rules to be followed to trace the curve of a given equation, given in Cartesian,
parametric and polar form.

(a) Tracing of curves in cartesian form
Lety = f(x) or f(x,¥) = 0 be the equation of a given curve in Cartesian form.
Symmetry of a curve about x-axis: Now, if the curve be symmetric about x-axis, then both the points

(x,¥) and (x,—y) lie on the curve (shown in Fig. 1), i.e., f(x,) = 0 and f (x, —vy) = 0, and hence,
we may write f(x, —y) = £f(x,y). In other words, if by replacing y by —y, the curve remains
unchanged, then the curve is symmetrical about the x-axis.

Symmetry of a curve about y-axis: If the curve be symmetric about y-axis, then both the points (x, y)
and (—x, ) lie on the curve (shown in Fig. 1), i.e., f(x,y) = 0 and f(—x,y) = 0, and hence, we may
write f(—x,y) = £f(x,y). In other words, if by replacing x by —x, the curve remains unchanged, then
the curve is symmetrical about the y-axis.

Explanation: Let us consider a curve as shown in the figure. Now, if (x, y) be any point on the curve,
then the image of the point with respect to x-axis is (x, —y). If the curve is symmetric, then both (x, y)

and (x, —y) will lie on the curve, i.e., both f(x,¥) = 0 and f(x, —y) = 0, and therefore, we must have

[ =y) =2f(x, ).
Similarly, if by replacing x by —x in the equation of the curve, the equation of curve remains

unchanged, i.e., if f(—=x,y) = £f(x,y), then the curve is symmetrical about y-axis.
Note. Sometimes, we need to find whether a curve is symmetrical about the line y = x. If by

interchanging x and y in the equation of the curve, the equation of curve remains unchanged, i.e., if

f(,x) = f(x,y), then the curve is symmetrical about the line y = x.

Some examples:

© All rights reserved



. e with centre (0,0) and radius @ units,
ircle

¢ curve is symm
S unchanged’ the

2 = g2, which 14¢ etrical about the x-axis.

ains unchanged’ th

the curve remain

. _ ,
Example 1. Consider the curve X* Y .
curve is symmetrical

Since by replacing y by —y, the curve ret

In a similar manner, since by replacing y by =
ith centre at (a,0) (i-e., on X~

unchanged, the curve is

—y, the curve remains
b

about the y-axis. This is shown in Fig. 2.

2 which is a circle W
Example 2. Consider the curve (x = a)’+y W

_y the curve remainS
y replacing ¥ by

2 _p

axis) and radius 7 units. Since by replacing ¥ by

symmetrical about the x-axis. In a similar manner, SIC€ b _
own in Fig. 3.

tex at (0,0) and the X
eis symmetrical about the

: : i is is sh .
unchanged, the curve 1s symmetrical about the y-axis. This 15 _axis being

Example 3. Consider the curve y? = 4ax, whichisa parabola with ver

e . ] d, the curv
the axis. Since by replacing y by —y, the curve remains unchanged, ]
Yy rep gy oy—y d, s0 the curve is not

. . i hange
x-axis. However, by replacing x by —x, the curve does not remain unchang

symmetrical about the y-axis. This is shown in Fig. 4. _
- : cin
Example 4. Consider the curve x2/3 + y2/3 = a?/3, an Astroid, shown In Fig. 4. Since by replacing y

. . : —axi imilar manner
by —y. the curve remains unchanged, the curve is symmetrical about the x-axis. Ina § ’

. . . . C -axis.
since by replacing y by —y, the curve remains unchanged, the curve 1s symmetrical about the y

(b) Rules to trace curves given in cartesian form
To trace curves in the cartesian form, say, f(x,y) = 0, we note the following points:

Symmetrical about the co-ordinate axes: Check whether the given curve is symmetrical

(1)
about the co-ordinate axes.
Obtain the points of intersection with x-axis and y-axis: To find the points of intersection

(i)

of the curve with x-axis, we put y = 0 in the equation of the curve. Similarly, to find the
points of intersection of the curve with y-axis, we put x = 0 in the equation of the curve.
(iii)  Obtain the boundary of the curve: If by putting x < —a or x > b in the equation of the
curve, y2 becomes negative (i.e., y takes imaginary values), that means no part of the curve
lies to the left of the line x = —a or to the right of the line x = b. Similarly, if by putting y <
—cory > d in the equation of the curve, x? becomes negative (i.e., x takes imaginary values),
that means no part of the curve lies below the line y = —c or above the line y = d.

(ivy  Tangent of curve at origin: If the curve passes through the origin and the equation of the

curve is given by a polynomial equation, the equation of the tangent exists and is obtained by

equating to zero, the lowest degree terms of the equation.
(v) Asymptotes to the curve parallel to the co-ordinate axes: Let the equation of the curve be
given by a polynomial equation. Obtain the co-efficient of the highest degree term of x. If the
co-efficient is a non-constant, i.e., a function of y, say, ¢(y), then the asymptotes parallel to
x-axis exists, and are given by ¢(y) = 0. Obtain the co-efficient of the highest degree term

of y. If the co-efficient is a non-constant, i.e., a function of x, say, (x), then the asymptotes

parallel to y-axis exists, and are given by ¥(x) = 0.

© All rights reserved



Traci
A¢Ing of curves jn polar form

FU[’ ac .
urve given in
unchanged b polar form r = f(8) (or, f(r,8) = 0), if the equation of the curve remains
e r =
. Y replacing 6 by -6, then the curve is symmetrical about the initial line. If the curve is
Ymmetrical ¢ PP . o
al about the initial line, obtain the values of the radius vector r for different values of 8 in

the ra i .
ange 0 to 7, i.e., for the upper half; otherwise, obtain the values of the radius vector r for different

values of § in the range 0 to 2.
Some standard curves

(a) x2/3 +y2/3 = q2/3
This curve is known as ‘Astroid’. The parametric equation of the curve may be written as x =

; . . . 2 2
acos3 @,y = asin3 . The equation of given curve may be written as (x13)" + (y/?) = a?3. We
see that replacing x by —x and y by -y does not change the equation of the curve, and therefore, the
curve is symmetrical about both x and y axes. The curve meets the x-axis at the points (a,0) and

(—a,0), and meets the y-axis at the points From the given equation, we can write X =

(a?/ - y2/3)3/2. It is clear that if |y| > a, then x becomes imaginary. Therefore, no part of the curve

lies either above the line y = a or below the line y = —a. Again, from the given equation, we can write

2/3 — x2/ 3)3/2. It is clear that if x| > a, then y becomes imaginary. Therefore, no part of the

y=(a
curve lies either to the left of the line x = —a or to the right of the line x = a. Thus, the complete curve

can be drawn only if we can draw the portion of the curve lying in the first quadrant. For this, we

compute the values of (x,y) corresponding to some values of 6 in the range 0 to m/2 of the first

quadrant, and present in the Table 1.
Table 1. Values of (x,¥) corresponding to some values of 6

r 0 ! 0 /6 n/4 /3 /2
x a 3v3 1 1 0
S =
Y ) —a —a —a
8 2V2 22

Thus, a rough sketch of the astroid is as shown in Fig. 1.

© All rights reserved



W, -a)

¥

Fig. 1. A rough sketch of *Astroid’

(b) x3+ 3 =3axy B
| ine v = x. The curve
netrical about the line y = X The¢

This curve is known as Folium of Descartes. This curve is symi
Jafs 18 Iv
el i 3 == S e v+ v+ a=0is the oni

pass through the origin and meets the line y = x at (??) The line X +)
is as shown in Fig.

asymptote of the curve (Ref. to Example of Chapter ). A rough sketch of the curve 1

-

A Y

) A@2.a2)

“y

Fig. 2. A rough sketch of ‘Folium of Descartes’

(c) x=a(f +sinf),y =a(l+ cosh)
This curve is known as Cycloid, and is traced by a fixed point taken on the rim of a cycle when the

cycle is moved from one place to another on a plane surface without sliding. The sketch of the graph is

as shown in Fig. 2. Here, 6 varies from - to 7.

© All rights reserved
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X’ A

by

Fig. 3. A rough sketch of *Folium of Descartes’

= a(1 — cos @) Here, g varies from 0 to 2. The

Note. Another form of cycloid:. x = a(f —sin 6),y

sketeh of the graph is as shown in Fig. 3.

(d) r=a(l—cost)
This curve is known as Cardioide. Since by replacing 0 by —~f, the cquation of the curve remains
unchanged, so the curve is symmetrical about the initial line. The values of radius vector T
corresponding to some values of @ are given in Table 2. A rough sketch of the curve is a

4.

Table 2. Length of radius veetor T corresponding to some values of €

i — A..JXYE,T,ET%,_?
4 31213 ‘, |
rxa 1 a|3a|2a

) “('Ti)% 2 J

2!

& All rights reserved

s shown in Fig.



- ardsonle
Fig. 4. A rroagh sketch of ¢ ardhe

Workad ant o yamples. say? = 2% - ay
Esample 1. Trace the curve reprovwnied by he cquation - d

o kit

where @ & O % a ceal

Solution. he curve w symanetncal about the 1-aes, bat aot symmetrical apout
ety the ©adci st the pomts (0, 0) and (g, 0) The curve passes through the 96 ¢ of the CUIVE les W
wtighn & = 0, g, yaxes When x < 0, y¥ becomes acgative, 3nd hence, w"pm m Thuss,
the left of the ine x = O But, as the value of ¥ moreases peyond &, the value of ¥ -

@ rough sketeh of the curve is as showns i Fig §

0,‘
1/"‘
VN /"‘
> ay
E's o w-*’)"‘*—f"‘ nox
.

|
t Wi : : L~‘2

Fig. 3. A eough sheteh of e curve groes by the squation Jay* = s(x ~ a)’

Fxample 2. Trace the curve represented by the squation ay® = X (@ - ¥), where @ > 0 & 2 real

st

Solution. The curve 1 symmetneal about the v-avis The curve meets the ¥-axis at the potnta (0.0}
amd (@.0) The eurve passes through the ongin, and the taagent ot the origin s given by ay’ = aut
fubtatned by equating to zevo, the lowest degree terms of the equation), ie. y = +x. If we Pt torne
valie of ¥ > @, we see that y¥ bevornes negative, which meass that no pact of the curve lies 1 B aght
of the fine ¥ = @ Thus, & rough sketch of the curve s as shown is Fig 6
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Fig. 6. A rough sketch of the curve given by the equation ay? = x%(a—x)

Example 3. Trace the curve represented by the equation y2(2a —x) = x*, where a >0 is a real

constant.

Solution. The given curve is known as ‘Cissoid of Diocles’. The curve is symmetrical about the x-axis.
The curve meets the x-axis only at the origin. The curve passes through the origin, and the tangent at
the origin is given by y = 0, i.e., x-axis. We see that when x < 0 or x > 2a, y? takes negative value,
which means no part of the curve lies to the left of the line x = O or to the right of the line x = 2a.
Moreover, the straight line x = 2a is an asymptote of the given curve. Thus, a rough sketch of the curve

is as shown in Fig. 7.

[
[}

———— >

ol

Y'

A

€ mmmmm e — =

Fig. 7. A rough sketch of the curve given by the equation ay? = x%(a —x)

Example 4. Trace the curve represented by the equation x/2 4 y1/2 = /2 where a > 0 is a real

constant.

~ © All rights reserved




s the x-axis at the point (a, 0)
€

her x nory can take
h of the curve is as show

me ,
=% The curve negative

metrical about the line N -
). From the given equation, W€ se
. Thus, a rough sketc

ies in first quadrant only.

Solution. The curve is sym )
nin
and meets the y-axis at (0,a

value, and hence, the curve |

Fig. 8.
A
Y
~
, e
5
R4
Syt
4
4
4
'
4
4
7
¢ g X
4
X 19
°4
4
4
.
‘ ~
’ v
’ -
‘ -
o =
g i
X'
v 1

1/2 4 y1/2 = al/?

Fig. 8. A rough sketch of the curve given by the equation x
+a)?(x + 2a) = 0, wherea > 0is

Example 5. Trace the curve represented by the equation xy? + (x

a real constant.
Solution. The curve is symmetrical about the x-axis, but not symmetrical about the y-axis. The curve

. . . . . 2 _
meets the x-axis at the points (—2a, 0) and (—a, 0). The given equation may be re-written as y= =

2
_ &#a) (420) 4 hich shows that if x < —2a or x > 0, then y? becomes negative. Thus, no part of the
curve lies to the left of the line Moreover, x = 0, i.e., y-axis is an asymptote to the curve. Considering
all these points, a rough sketch of the curve is as shown in Fig. 9.

ALY

X' (2a,0) N:0)

X!

A 4
Fig. 9. A rough sketch of the curve given by the equation xy? + (x + a)?(x + 2a) =0

Example 6. Trace the curve represented by the equation a?y? = x%(a? — x2), where @ > 0 is a real

constant.
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Fig. 10. A rough sketch of the curve given by the cquation a?y? = x2(a? — x?)

Solution. The curve is symmetrical about both the co-ordinate axes. The curve meets x-axis at the
gh the originandy = +x are the tangents at the origin.

points (—a, 0) and (a, 0). The curve passes throu
s that no part of the curve lies to the left of

Ifx > a or x < —a, then y2 becomes negative, which mean
the line x = —a and to the right of the line x = a. Considering all these points, a rough sketch of the

curve is as shown in Fig. 10.

Note. Bernoulli's Lemniscate Page no 23

. 3 a3 :
Example 7. Trace the curve represented by the equation’y = 75775, where a > 0 is a real constant.

¢ is symmetrical about the y-axis only. The curve meets y-axis at the point (0,a).

Solution. The curv
B0
%L), which shows that if y > a, then x? takes

The equation of the curve may be re-written as x% =

Thus, no part of the curve lies above the line y = a. Moreover, y = 0 is an asymptote

negative value.
nts, a rough sketch of the curve is as shown in Fig. 11.

to the curve. Considering all these poi

A
X
A(a, 0)
X’ 0 X
Y Y’

Fig. 11. A rough sketch of the curve given by the equation y = —zc%;
a“+x
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e a > 0is arcal
2 _ x?%), where a

. 2,2 = 2
he equation X7 a*(y

. t
Example 8. Trace the curve represented by
-axis only

g. The curve meets X
at the origin- Ifx >aor

he left of the line
e curve is

constant.
oth the co-ordinate axe

. . b

i i ¢ is symmetrical about
Solution. The given curv y e A
1t of the curve liestot

at the origin. The curve passes through the origin
s, a rough sketch of th

. " a

x < —a, then y? becomes negative, which means that no p
. n oint

x = —a and to the right of the line x = a. Considering all these p

as shown in Fig. 12.

A} Y
<
/
AN /,+/
N “\ ’
N s
N ’
N ’
~ 7’
N ,/
\\ s
N s
N (4
< —
X y 0 X
- 2, N\
P \
, N
”~ N
7 N
V3 Y
/ ~
s N
s’ ARG
e SO
X N
Y
l!

Fig. 12. A rough sketch of the curve given by the equation x%y? = a?(y? — x%)
Example 9. Trace the curve represented by the equation x*+y* = 2a?xy, where a > 0 is a real

constant.
Solution. The given curve is symmetrical about the straight line y = x, and meets the line y = x at the

points (a, a) and (—a, —a). The curve passes through the origin, and the tangents at the origin are x =

0 and y = 0. Considering all these points, a rough sketch of the curve is as shown in Fig. 13.

Ar Y
/'"//
Sy
/
/
/
/
s
X! o X
/
p
o
s
/
¥
J Y
y

Fig. 12. A rough sketch of the curve given by the equation x*+y* = 2a%xy
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[oxerciscs.

Trace the curves for the following equations.

. y*(a—x)=x(x—b)*

2. y¥(a+x)=x4b-x)
3. yi=(@x—-a)
4. 9y = (x + 7)(x + 4)*

\2/3 2/3 .
5. (r) + (Z) = 1 (This curve is known as Astroid or Four Cusped Hypocycloid)

:; b
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les, to construct polygonal

some special trinng
which the celebrated

ApsTRACT. In this article we will use
arithmic spirals, among

chains that deseribe the faunilies of log
Golden Spiral, Spira solaris and |

Key words: Kepler triangles, Almost congruent triangles,
spirals, Golden Spirals, Logarithmic gpirals, Logarithmic elliptic gpirals, Golden mean.

Hheidin Spiral.
Continne triangles, Discretized

1. INTRODUCTION
equation in polar coordinate (p,0)
ve number called the growlh constamnl of the spiral, and ¢ is

nding on the choice of the initial condition ¢ = 0. Note that
entation of a logarithmic spiral is

A logarithmic spiral is @ plain curve whose is p=
te®  The term h is a positi
a constant of the spiral depe
g increases anti-clockwise. The Cartesian repres
(1.1) 2(6) = p(f)cos(0) = te"cos(6)

y(0) = p(0)sin(0) = te"sen(0),
(Pole) of (z(6),y(#)) increases exponentially when 0
kind of spiral is more precisely called a Left
ht hand logarithmic spiral, whose
of spirals the distance from the

thus the distance from the origin
increases (anti-clockwise). Sometimes this
hand logarithmic spiral, to distinguish it from a Rig
equation is of the type p = te(-h0) For the latter type
Pole of (z(#),y(0)) decreases exponentially when @ increases.
The most celebrated curve of this type is certainly the Golden Spiral, which is a loga-
rithmic spiral whose growth constant is (2/m)1g(®), where @ is the “Golden Mean”.
Looking at the equation of the Golden Spiral
p =M@ with starting point (1,0),
we note that for # = 0 we have p
can be casily scen that, a golden spiral gets wi
of @ for every quarter turn it makes; therefore
factor of this spiral after a complete turn around the pole.
The Golden Spiral was first described by Descartes
mathematician Jakob Bernoulli ( 1654-1705), who called it
to it the famons motto  Eadem Mutata resurgo » which is inscribed on his tombstone.

Approximations of logarithinic spirals can occur in nature
spiral galaxies or phyllotaxis of leaves);
is sometimes stated that spiral galaxies and na
goldeu spiral, and hence are related to both @
galaxies and nautilus shells

hut at a variety of angles usua

ICorresponding author: tel/fax. 43989968225, vincenzi@unisa.it

=1, and for § = /2 we have p = ®. More generally it
der (or further from its origin) by a factor
“ 4 " pives a measurement of the growth

. and then studied by the Swiss
Spira mirabilis, and dedicated

(for example, the arns of
: golden spirals are one special case of these. It
utilus shells get wider in the pattern of a
and the Fibonacci series. In truth, spiral
(and many mollusk shells) exhibit logarithmic spiral growth,
lly distinctly different from that of the golden spiral. This
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' ing ce (3] and [7]).
-oani ow without changing shape (see [
attern allows the organisim to grow wi ) . .
3;;1 | \J\"'qm:tt' a very ic;lteresting connection between the DNA-sPual and some F 1b9nac01
oo q:wn’ce’ (see [15]). This highlights the relevant connection between recursive se- -
{Ixe se S (S 119}/ & ‘ o
quences and spirals ( see also [8, 1, 19] and'the reterence56§lacre1n).th et to studs the
The German Mathematician Johannes Kepler (1571—1 ).was e first to study ;
nature of the logarithmic spirals, and its possible dzscretezat‘zons. He was also attracte
bv their shape and their applications in astrongmy. For tihlS purpose he con51de'red a
ldzarithmic spiral. with a lower factor growth (®%): The Spira Solaris, whose equation is
given by:

p=eV/Me® — §0/m  ith starting point (1,0).

5 5 A : 512Gy

Gg

/) —— (_[)i‘

FIGURE 1.1. Dotted Red line is the Spira Solaris, Gold line is the Golden Spiral

Another celebrated logarithmic spiral is the Pheidia Spiral, whose equation is:
p=e1/2M(P0 — go/2m Loy starting Point (1,0).
Note that Pheidia Spirals, Spira Solaris, and Golden Spiral have respectively the fol-
lowing “growth”: &, &2 4.

)
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FIGURE 1.2. Examples of Kepler triangles

Connected to the Spira Solaris, there are the Golden right triangle or Kepler triangle,
that is any right triangle K the lengths of whose sides, a > b > ¢ satisfy the proportion:










LOGARITHMIC SPIRALS AND CONTINUE TRIANGLES

Tli!k.\. We rirav i Y =
Wty restrict our considerations to the case of r € (1,®). In particular we

fave;

To<Tw and Ta>T'm. Yn<mel.

3. THE CLASS OF (r,k)-MALE SPIRALS
 Let r € (1,0), and consider the chain {75 }nez as defined in section 2. In the following,
for every integer n we set A,.q, Ap-2, Anss. as the vertices of T,. Thus

(T" rﬂ*] 3 Tn+2) = (‘4n+17 '411?21 An+3)'

771 —

For every positive integer k we can consider the subchain {Tux}nez and make the

following construction: ider the tri

Starting from Ty = (1,7!,72) = (A, Az, Ay), for every integer k we can consider the tri-
ir .7l y Ty T "y

(rk, 7o+ pokr2) = (A, Ao, AL),

angles Tr = (rF, 7541 1542) = (A, Ay, As) and T_p =

and by using their similarity we can draw them as follows:

e’
y '\\
/,I’ - ‘\>
- i \

;’/ \n "Q-
oA Ay oA o™
o o< =

N o P

AN L A, /,t

\, e
N I
\ i /
N, //
\ f’/
N .
Y /'

FIGURE 3.1. The construction of the (r, k)-male spiral

Now we can join triangle 7 = (Ay, Ag. A-y), with the smaller

7:% — (r"gk,r-2k+l,1"2k+2) = (.4__1”,1_,_,'_;1_3);

and triangle Ti = (As, Aq, As) with the larger one

72”; = (,.:.’k’ ,,2k+1’1,2k+2) — (As, A(i, AT)-
The result of this iterated process is a polygonal chain that we call (r, k)-male spiral. We
will denote it by P,x. For this “spiral” we have the following result:
Lemma 3.1. Letr € (1,0) and k be a positive integer, and consider the (v, k)-male spiral
P,i. Then all the vertices Ay, indexed by an even number, e on the seme line s. In

particular, if we define P oas the intersection between s and the line containing all the
vertices Ay, then each Ay_y, lies to the right of P and each Ay_y,, lies to the left of P,

for every integer n. Moreover: the following relations hold:

(ii) RT;?’{ = L ;?‘;;A,,i,,."{:j_.;(,,{..;,)! - !AT}A—II - !-4.‘1.4-;‘ + ... = f'k n 1;

reasd)

e
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(l)) l/ll I" L '-"l..~ln "\I A(n | l)| If‘l " e, l";“,'.k'[ﬂ I.2

ne( \/'."!k " ["‘ r e !
((.) '1JI’| ' 24 I-'\‘,' - lu-'\',? RIUE Hl |/"}-'\ "!| b (’ ,,',,_ -)r——r-ﬂ"""."

nel) S 2 e 1

, o ik = e
(@) [A0P] = S A A gl = Aol e Pt 1)

e To this end, consider the

(" 1 ””'- 8
il Ay are colling (o with A3y,

It as Lhe intersoction O

Proof. We start by showing, that Ay, Ao m
and deline

line a through the vertices A and Ao,

FIQURE 3.2. The Pole of the (r, k)-male spiral

The angles Ay A Ay and Ay F Ay are congruent; morcover, the following proportion
holds: AgA; : Aj Ay = FAy: F A, in fact, the measurements of these segments result as:

Lotk =% =1 op =tk

gles (Ay, Ay, Ag) and (A, I, Ay) are similar. In particular, A1 AgA, and

nt. We have proved that three vertices Ap, Ag, Ay, of the three consce-
s “up and down”

so that the trian
F Ay Ay are congrue
utive continue triangles 7y, To and 7 are collincar. Iterating the proces
we find that all Ag, arc collincar.

In particular, for cach integer n, the vertex Ay gy lics to the right of the line s, and Az_4,

lics to the left.
Now we note that P is the interseetion of all Tg, so that:

U As-anAs—anrny = AL U Aandicamen = AP

neNy n€Ny
U A-anAucaen = AP | Ar-inAz-anry = A2P.
neNy neNoy
It follows that:
= p2-2k _ 32-3% and in general for every integer

((L). ,ASA—-II =72 - ’1‘2“"', I/l-l.‘l_s
n > 0 |Ag_an Ay = r22* — p2=@ntDk - Therefore
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FIGURE 3.3. The growth of the (r, k)-male spiral

oc

o0 o0
AsP = Z |As_anAs—ant)| = ZTZ“Z”k S R ZT2_2"k(1 -
n=0 n=0 n=0
.2 —k —2nk __ .2 —k Ty .2 _ .k
=r*(1—1 )gr =r2(1—1 );(T%) ==
,r2+k(7,k _ 1) 7,2+k
TRl kg

(b) Tt follows from (a) that: A1 P = A1As — AsP=r1%— ;T;:_—kl = r[il.

(¢) To verify this item, we will make double use of Carnot’ theorem. Following the
figure 3.3, we set a = A2/11A3. Then

i) [A3Asf? = [AsA1|? + [AzAr[* — 2| A3 A1]| Az Ar|cos(a), so we have

cos(ar) = AL + [AAL? — [AA)? v = 411
' 2[A3 A, || A2 4| T 20 2

ii) [PAg[2 = [PAL? + [AzA1]? — 2|PA|[AzAr|cos(e)

2 2 4 .2
:(kr Pr1-2 _of +1-—r7
rk 41 rk+1 2r2
_ r4 & _r4+1—r2_ rd +r2k+2rk+1_(7"”’-!—1)(7‘44—1—1’2)
(rk 4 1)2 rk 41 (rk +1)? (rk 4 1)2 (rk +1)?

P g2k opk ] _phtd gk gkt ot g2 2k g pk  pktd g pkd2 g2
(rk +1)2 B (rk +1)2
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Therefore
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t relation d 15 verified.

e T L SRS S SRR S
Therefore P4y = — o . and the las
(r+1 D

the pole of the male

In the next we will refer to the point P of the statement above as
spiral.

- . . - iral. Using

Erample 3.1. As a particular male spiral we may consider the ( V®.2)-male sp S

(a) and (¢) of Lemma 3.1 we have:

r2 vV 62 (] 1

li,—hpf: - s —5 —_— =
ri+l \/@-_;_1 q"t‘l @

o YO+ + 0 /2P +0) - B(®+1)

-13P = l, (q,_:_ 1) ((I’+ 1)
oV e Va1~ /V®

Thus (A;. P. 4;) gives Kepler triangle K_» (see also Figure 1.3). Here the pole P is
exactly the intersection of the height of (A4, A;, A3) with its hypotenuse.
Corollary 3.2. Let r € (1,®) and k be a positive integer, and consider the (r, k)-male
spiral. Pry. as in the lemma above (see figure 3.3). Then the distance of any A,, from

the pole P of P.;. increases by a factor of r** for each (positive) turn around the pole.

—

Proof. We will examine four cases.
(a) A, is to the left of P. that is m = 3(mod4), or in other word m = 3 — 4n
for some n € Z. Starting from 43P, we have: |A_,P| = |[AsP| — [A34_| =

P2tk ) , r2-k
- —rr e ph = : . and hence
™ + ™+
, AP r2tk ok
(3.1) ___' 2l = o =7
[AL,P] r+11r?

|A7As| _

On the other hand, by construction (sce also item (a) of Lemma 3.1), o
AgzgA

r**. Using the elementary properties of the proportions, we have:
Agp : .‘1_1P = /'17.‘13 : 14314_1: thus

AP A\ P=A;A;4 AP : A3A_| +A_\P, that is 43P : A_, P = A, P : A;P.

In particular
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FIGURE 3.4. The construction starting from a non continue triang

4. (r.k)- MALE SPIRAL AND LOGARITHMIC SPIRALS

Let r € (1. @), and k be a positive integer, and consider the logarithmic spiral S whose
cquation is:
(4.1) p = tell/m )0 _ tr*/7 where t depends on the starting point (p(0), 0).

The factor growth of S, or morc simply the growth of S, is the term 7%, o

The next result shows that the (r, k)-male spiral is connected to a pair of logarithmic
spirals: 81 = 8i(r. k) and S, = Sy(r., k).
Theorem 4.1. Let r € (1,9), and k be a positive integer. Then all the vertices Ay_a,
(indcred by odd numbers) of the (r,k)-male spiral Py, lie on a logarithmic spiral S
of growth r® . with starting point A = (,—_ET,O), and all the even points As, lie on a
logarithmic spiral Sy of the same growth r®* | with a suitable starting point H depending

onr and k.

FIGURE 4.1. Logarithmic spirals associated with the (r, k)-male spiral
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Proof. By virt ue of Corollary 3
J.

P of- - 2, fi i .
of P, 1 increases by , for every m € Z, the distance of any A,, from the pole

a factor of 2k £ .
or of r%* for each (positive) turn around the pole.

From item (b) of Lemma 3.1. |A\P| =

ST so that the equation

k41 Tkl
defines a logari .
ari » SDIr: . : : .
belong, garithmic spiral S; to which all the vertices Aj_an of the (7, k)-male spiral
In orde st ormi .
the (r k)k_f tol dctc'lmme the equation of the logarithmic spiral S, to which all the Azn of
, k)-male spiral belong, it suffices to determine the constant ' in the equation:

4.2 2 .
(42) (6) = —1_(/m g0 _ ko

(43) ﬂ(f)) — t/0(1/ﬂ)1g(1-’°)0 — tl7,k0/7r.
From item (c) of Lemma 3.1 we have [A2P| = rzk”k(_rrk‘f:;r“”r?
As an ?pplicatiop of Carnot’ Theorem, we will determine that angle 6 := AP Ay
|Ag Ay |2 = |[PAgf? + |PAy|2 — 2|PAg||PAi|cos(02). 1t follows
PAyJ% + |PA|? — A2 A ?
c05(65) = |PAsJ? + |[PAL — |As A
2|PA;||PA|

_ (1‘2’i ok — ke pht2 g g2 I )l (r¥ + 1) rk+1

(rk +1)2 T (rk +1)? 2 \fr2k gk —rktd 4 k2 2 T2

1 gkt kRt ot gp? ]
or2  \/r2k 4+ rk — rk+4 4 rk+2 4 72 ’

Thus
1 ks ok kA2 et g2 -1

(4.4) by = CL'I'CCOS(§7_—2 "k y ok _ phHA 4 pRF 4 72
Now we are in a position to determine #' in equation p =t' e which describes this new
spiral. For this purpose, we substitute 8 in equation 4.3, and we have:

T Lk _ k4 1 kT2 3 2
B o kba ) g Vr Tk — ke ppkt2 £r2 ]
|PAs| = p(b2) = 1T 2/™ and hence;t” = T 1) oy

Thus the equation of logarithnic spiral S, also described by vertices Ay, of the (r, k)-

male 1s:
(4.5)
\/ﬁk Tk — k4 T2z 1 ) L
p(6) = ) Y r*o/m  where 6, is given by equation 4.4
2k 4k _pk+aqgk
Thus the starting point of Sz is H=( s +1k(,.7k :)+ s s ,,.kf?i/w’ ), O

The following remarks follow from Theorem 4.1:
Remark 4.1. Note that &1 = Sl(\/a, 2) =8 = Sy(V/®,2) is the same spira Solaris,
Indeed it can be checked that 4; = H = (1/@,0).

?
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Sy(V/®, 1) are two Pheidia Spirals, with

Remartk 1.2, Note that &1 = 51(\/5- 1) and Sz

different starting points. lden Spirals, with
- two Golden Sp ;

Remark 4.3. Note that S; = S;(v/®,4) and S2 = 52("/6’ 4) are

lifferent starting points. . ’ .

different s gp | e /&, there is 00 Jlogarithmic spiral

Remark 4.4. Let P, be an (r, k)-male spira
through all the vertices of P,..
5. CONCLUSIONS L
s . 1/9,®), the
Note that starting from an assigned segment r = A;A, of length :1c:€on(1p/855- Infact
construction that we have presented (see 3.1) can be made by ruler an it is possible to
all the powers r", and all the n-parts of r can be constructed, so that i p

construct any (r, k)-mail spiral, for every positive integer k. ) and some
In the first section we have remarked that logarithmic spirals appear in nature,

of them can be discretized by triangles. On the other hand, we have seen that every (r, k)-
male spiral is connected to a pair of logarithmic spirals: S; = S (r,k) and S = Sa(r, k).
Conversely, here we may highlight that every logarithmic spiral can be discretized by an
(r, k)-male spiral. To this end, it is enough to see that

(5.1) Vh € Rt lim Vehm =1,

so that there exist infinite pairs (&, v e"™), such that £ is a positive integer and v/e"™ lies
in (1, ). Therefore, if S is a logarithmic spiral, then we can write its equation as follows:
p=teh? = tr% where 1= V/ehr,

(5.2)
(resp. the even vertices) of

An application of Theorem 4.] shows that the odd vertices

the (Veh, k)-male spiral discretize S.
We note that the discretization of logarithmic spirals provided by Theorem 4.1 has a

as the vertices of the male spiral are easily computable (see

low implementation difficulty,
of all those phenomena related

Lemma 3.1 and Corollary 3.2). This could help the study

to logarithmic spirals.
The property of self-similarity of a logarithmic spiral leads to the consideration of these
curves as a model in the study of the Fractal process. This connection is related for

example to the notion of dissipative quantum interference phase (see [20]).

The use of the discretization of the curve can be useful in the learning of the Digital
design Process (see [17], Introduction and Part II) which is an important skill for the
experience of an architect. The discretization of a logarithmic spiral also has applications

in seismology for the prevention of collapse mechanisms (see (10]).

It is natural to ask whether there exist some kind of “good” spirals through all the
vertices of an (r, k)-malc spiral, P,x. Our conjecture is that the answer is positive.
We will define the  elliptic logarithmic spiral and we denote it by &, the curve whose

cquation is:

. z(0) = tr"% " cos(6)
5.3) where ¢, and ¢; depend on the initia] condition.
( y(0) = ter"/sin(8). ) R
Note that when ¢; = ¢, we have the equation of a logarithmic spiral, so we may think
of & as an elliptic curve with an exponential growth around its pole P. In genergl € is

—
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The problem is: gi
s: given L
depending on r and k, Su(;l fhgt’t(fl)’ ang a positive integer k, can we determine h, ;. t2
elliptic logarithmic spiral. £ € equation 5.3 is satisfied? In other words: is there an
: 7

1 L2 t ¢ 1
We represent the problemyll‘ay };rggilj Il the vertices of the (r, k)-spiral?

\
\

FicUrE 5.1. Elliptic logarithmic spiral approximately through all vertices
of an assigned (1.35, 2)-male spiral

Note that this last family of spirals also occurs in nature. It is known (see [6] p. 113)
that the two-thirds of all galaxies have a spiral structure. Among these there are some, for
example the “S0 type” galaxies, that are placed in between the elliptical and logarithmic
spiral galaxies. (see [16], page 390). Also in Architecture the elliptic logarithmic spirals
could be employed to realize special curves and surfaces (see for example [21], [22] and
[23]). Here their discretization by triangles suggest important informations.



xamples of the arc length parametrization - 2 -
Catenary and Cycloid

321901076 Koichi Kato

May,4, 2020

This 1s related to

e Chapter 2 in Calculus Il
e Chapter 2 in O’Neill

Example 3 (Catenary) Let a and ¢ be positive numbers. Let f [-c,c] — R? be
a parametric curve such that f(z) = (¢, acosh(ﬁ)) for tin [-c,c] € R. f is a function

of class C' on (=c, ¢). The corresponding regular curve f((—c, c)) is called Catenary

(FIG.1). We calculate here the length L, of the curve in [0,c].

C ¢ t ¢ t
Ly:= f Ilf (Olldt = f (1, sinh(=))||dt = f (1 + (sinh(=))»)"2dt
Jo 0 a 0 a
(Since cosh(£) > 0 on (0,¢) )
= f cosh(i)df = asinh(—c-).
0 a a
Let ¢ : (0,c) — R be a function given for any ¢ € (0, ¢) by

o) = f I ()llds = asinh(2).
0 a

w is strictly increasing on [0, c] and differentiable (FIG.1), with ¢/(7) = ||f'(¢)Il =
cosh(fl) > 0 for any ¢ € (0, ¢). ¢ has image equal to [0, L¢]. It follows that ¢ has an

inverse ' : [0,Ls] = [0, c].



In this example,

-l-
|
2~

s = y(1) = asinh(~ ) —a=—g

! L
q 1

2s
__:eu—e‘
a

ezﬁ__z_fel—]—o
a
g N NTEE
o sa(20)"-
a2

A s
a a

, , s+ Vs +a?
Since e« > 0, the right hand side must be ———-

a a
Thus, if we set

a
! s+ Vs? + a? _ s+ Vs? +a?
Hence — = In| —————— |. Thatis,t =aln .
a

2 2 2
0 :[0,Ls] = [0,c], @(s):= lﬂ_l(s)=aln[sJr ; ra )

then ¢ is a diffeomorphism of class C! on (0, Ly), and the composed map f o ¢ :
[0,L7] - R%is

2 2
(f 0 0)(5) = flw(s)) = (a ln(”++“

)] acosh(ln(s+ .:12+a2))).
This satisfies
|
(fo@)(s) = f(p(s)g'(s) = f' —_
F@(s)e'(s) = f (w(S))” TN
with norm

(o =
(oel (il = WW”Mﬂﬂmm W@UWVW@N .



£Ct)

. (Lcoy
\"\
~t-4

-1.0

FIG.1 Graphs of cosh(t) (Catenary) and sinh(t) fora = 1.

O

Example 4 (Cycloid) Let r be a positive number. Let f :[0,2n] — R? be a

parametric curve such that f(1) = (-r sin(f) + rt,—rcos(t) +r) fortin [0,2n]. fisa

function of class C' on (0, 27). The corresponding regular curve £((0,2m)) is called

Cycloid (FIG.2).
(@) =(-r cos(?) + r, rsin(f)),

L Ol = @cos(i) + )2+ (r sin(n))? = V2r? - 2r2 cos(t) = \2r /1 = cos(?)

= V2r,/1 - (2cosz(%) —1) = V2r,/2 —2cosz(%) =2r4/1- 0052(';')

(Since sin(3) > 0 on (0, 27) )

t
= 2rsin(z).
! sm(2)
The length Ly of the curve is
2n 2 t t =21
Ly = f IF (@)l = f 2rsin(Lydt = (—4r)cos(5)| | = (~4n(-1-1) =8
0 0 2 271=0
Lety : (0,21) » Rbea function given for any # € (0, 27m) by

w(t) := jo‘ If ()llds = (—4r) cos(-;—)’;o = (=4r) cos(%) + 4r.
3



and dim-rcnliuhlc. with

. ” |
ts strictly icreasing on (0. 2]

in(~ = (0, 2m).
W'y = I (0l = 2rsin(5) > 0 Yrel

2 | “’

has an inverse ¢~ < [0: L] — [0.27].

¢ has image equal to [0, L, ]. It follows that W

In this example,

[
s = ylr) = (=4r)cos(3) + 4r.

( ! s—4r | )
COsS(—) = = 1
) 2) —4r 4r

' =)

- = ¢ 0s - = s

> darcce 4[’

t=u¢ ' (s) = 2arccos(] - 4—r)
Thus, if we sct
¢ 0Ly ] = [0,2r], @(s):= v '(s) = 2arccos(] — ——;)
then ¢ is a diffecomorphism of class €' on (0, Ly) (F1G.3). The composed map

Sow: 0, L] = R is
(S o@)s) = flp(s) = (=rsinlg(s)) + rg(s), —rcos(e(s)) + r)

= —rcin(? arcenct | — oW 4 (D aerrne S . §
( rsin(2 arccos( | ,,.)) + r(2 arccos(1 -E)).—rcos((,?.arccos(l —5-;))+r).

This satisfies

v y . 1
(fo@)(s) = flp(s)¢'(5) = f((8)) o,
TR O]

with norm

Y " 1 1
e @) (Ol = |/ (e(8) — = , -
”f P ,,,:(9,,(5,),,“ e @l =1.
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FIG.3 t(s)=2 arccos(1-s/4), when r=
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Partial Derivatives

Partial Derivatives

Just as derivatives can be used to explore the properties of functions of 1 vari-
able, so also derivatives can be used to explore unctions of 2 variables. In
this scction, we begin that exploration by introducing the concept of a partial

derivative of a function ol 2 variables.
In particular, we define the partial derivative of f (x,y) with respeet to @ to

be
.fd' (l‘, :U) = lim j (:l: + h" ‘U’i - j (.’l?, ;’/)

h—0

when the limit exists. That is, we compute the derivative of f (z,y) as if z is the
variable and all other variables are held constant. To facilitate the computation

of partial derivatives, we define the operator

ox

Alternatively, other notations for the partial derivative of f with respect to x

0 -
= “The partial derivative with respect to a”

are
. 9 9 .
Jo (2,y) = 5% = %f(-'l“,y) =0, f(2,y)

EXAMPLE 1 Evaluate f, when f(z,y) = 2%y + y°.

Solution: To do so, we write
: 9 (2 2 9 2
W Y)=—&y+y’)=—xy+ —
Jo(@y) = g (Cy+v7) = g2’y + 5oy
and then we evaluate the derivative as if y is a constant. In partic-

ular, P P
fe(wy) =ym-a®+ 5y =y 20 +0

That is, y factors to the front since it is considered constant with
respect to z. Likewise, y? is considered constant with respect to z,
so that its derivative with respect to x is 0. Thus, f. (z,y) = 2zy.

Likewise, the partial derivative of f (x,y) with respect to y is defined

. flxy+h) = f(z,y)
@@W=H%( Z




rying and all other

That is. we evaluate fy as if y is va

-he imit exists. g
when the lim also define the operator

quantities are constant. Moreover, we

9 “The partial derivative with respect toy

dy

and we often use other notations for fy (z,y):

£ (=) = g—;‘ - a%f(auy) _ 9, f(z.)

EXAMPLE 2 Find f, and f, when f (z,y) = ysin (zy)

Solution: To find f,, we use the chain rule
fr = 2sin(:m) = ycos(z )ix =y cos (zy)
T_yal‘ J—yOS yax y—J
However, to find f,, we begin with the product rule:
a d a
fy= B_y [ysin (zy)] = (0_3/'3/) sin (zy) + ya_y sin (xy)

We then use the chain rule to cvaluate d, sin (Ty):

Jy sin (zy) + y cos (zy) 6% (zy)

= sin (zy) + zy cos (zy)

If y = ¢ for some constant g, then f (z,q) is a function of z, and f: (z,q) is the
slope of the tangent line to the curve z = f (z,¢) in the y = ¢ plane. Similarly,
fy (p.y) for p constant is the slope of a tangent line to the curve z = f (p,y) in




the r = p plane.

e the pont of tangency

Crs3 to rotste. Drag re point ts ch3
Srift-arag to resuz or

2
o tit 2-3008

That is, fu (z,y) is the slope of a tangent line to z = f (z,y) parallel to the
wz-plane, while fy (z,y) i the slope of a tangent line to z = f(z,y) in the
yz-plane, an idea we will explore more fully in a later section.

blueEXAMPLE 3 blackFind fe and f, when
oy = tan-t (Y
f (z,y) = tan (:c)
Solution: To find fr, we begin with the chain rule

! s (input)
(input)2 +10z e

d
fr= e tan~! (input) =

where the input is y/x. Writing the input as z~'y and substituting

then yields

1 d , -z %y
——— ) IES T BT
2 (:p“ly)z +10x ( ) =2y~ 2+1

SDUUURNISPRSE S =



To s t (S 1 s erator dnd eIl
C 1mphf\' his XpI'E'SSiOH. we multlp]} the nurmn

. 2.
inator by x~:
2, -2 -y
72 (—z"zy) —T°T 7Y

—_—

_ =521 2 12+ 2
f’_f,?(m‘?y‘z—i-l) 2z-2y2 + 22 YT

To find f,. we again begin with the chain rule,
, 9 .
g ml ¢ 1 ¢ (input)
— et t) = 5
Ty = dy tan™" (input) (input)” +1 dy
where the input is y/x. The result is that
1 10,
b @) )
Ty 19y N/ (1) 4 [z 0y

which simplifies to

Check your Reading: What happend to the expression 2222 in example 37

Interpretations of the Partial Derivative

Analogous to a function of 2 variables, we define a function of 3 variables is a
mapping that assigns one and only one real number to each point in a subset of
3 duncnsional space. It follows that a function of three variables is of the form

F (z,y,z) = “expression in z, Y, and z”

Partial derivatives of functions of 3 variables are defined analogously to par-
tial derivatives of functions of two variables (see the exercises). Thus, to differ-
cntiate a function of 3 variables F (z,y, z) with respect to z, we differentiate as
if y and z are constants. The partial derivatives F, and F, are defined similarly

» and correspondingly, to calculate F, and F,, we differentiate with respect to
y and z, respectively.

EXAMPLE 4 Find the first partial derivatives of F (z,y, z) = 23 +
3zyz + 22



Solution: i
: To compute f,, we treat y and z as if they were constant:

¥ — = (3 [ DOPpT ]
F, o (a® + Bayz + z%)
9 4 P
= L33yt —22
55" TV 5" T 8z”

Likewise, F}, follows from treating and z like constants,

0 ;.
= ——(:n"+3:nyz+z2) =0+ 3zz+0=3z2

U—(f)y

and F, follows from trcating = and y like constants.

0

7 (:Eu + 3zyz + zz) = 3zy + 2z

F, =

functions of three variables occur in the form w (z,y,1),
In such examples, the definition of the partial
wge of u (x,y,t) with respect to t.
lications as a rate of change of a

In many applications,
where ¢ is a mncasurc of time.
derivative u, implics that it is the rate of char
Indced, partial derivatives often occur in app
given output with respect to only one of several inputs.

EXAMPLE 5 A rectangular sheet of metal with a length of 7 feet
and a width of 1 foot has its left section placed in an oven and its

rightmost extent placed in liquid nitrogen.

Upon being removed from the oven and nitrogen, its temperature u
in °F at time ¢ in seconds and at a point (z,y) on the sheet is given

by
u(z,y,t) =70+ 300e~%2¢ cos (z) cosh (y)

How fast is the temperature of the sheet changing with respect to
time at the point (0,0)7 At the point (x,0)? How do the rates

compare?



pect tO ¢ is given by

. Aith res
sl W e R e —0.2t s () coSh (y)
L (75 + 300e~ %% cos () cosh (y)) = —60e
o erature 18
Thus, at (0,0), the time rate of changeé of temp
’ .n,,—0.2t OF per sec
s (0,0,¢) = —60e™" cos (0) cosh (0) = —G60e
ot N
1ge of temperature 13

while at (m,0), the time rate of char
—0.2t o7 per sec

? (7,0,1) = —60e~"% cos () cosh (0) = 60e
ot 5o F over time at

). Note:
(0,0) is

. : i ases to 7
This means that the temperature increases . 0
the point (w,0), while it decreases down to 79 F.d_t l(lo,at
this fits well with the fact that the tcmpcratur'e mmao)t;
375°F, while the tmperature initially at (TF,O) is —225°I".

]

time, what will be the approxi-

Check your Reading: After a long period of S
mate temperature of the metal sheet at every point on the sheet?

Second Derivatives

The second partial derivative of f with respect to z is denoted fzr and is defined
foe (2,9) = aole @29)
T iy - a:v z Yy

That is, fes is the derivative of the first partial derivative f;. Likewise, the
second partial derivative of f with respect to y is denoted f,, and is defined

f:'/y (.’l:,y) = 'aa_yfy (:L‘, Y)
Finally, the mized partial derivatives are denoted fz, and fyz, respectively, and
arc defined
0 0
f:ry (z, ?/) = 51;./.1: (‘E»y) and fy:t: = %fy (ma Y)

Collectively, foa, fyy, fay, and fy, are known as the second partial derivatives
of f (z,y). Moreover, we sometimes denote the second partial derivatives in the

form
_ o P’f O*f 9*f
fa:.'l: - 8.’[}2, f.’cy - g:v—a_y‘, fyy = b?’ fy:l: — m




EX .
XAMPLE 6 Find the second partial derivatives of
flz,y)=x*+ 3x%y?

Solutiozn: The first partial derivatives are f; = 3z% + 6zy> and
fy = 6x2y. As a result, we have

0 2 2 2
Jzo (T, y) = %fm (z,y) = 5% (32> + 6xy”) = 6z + 6y~
0 0
Loy (2,y) = @fy (z,y) = 5@ (611’2?/) = 62°
0 9 2 2 ’
foy (y) = ootz (@,9) = 3, (32” + 6zy®) = 122y
9 9 (o 2
fy:r (J"J/) = %fy (:c,y) = _5_:11_ (GT y) = 12zy

tives are the same. Indeed, the mixed

Notice that the mixed partial deriva
functions, as is stated below in Clairaut’s

partials are always the same for “nice”
theorem.

Clairaut’s Theorem: If f is defined on a neighborhood of (p, q)
and if fz, and fyz arc continuous on that neighborhood, then

frz:y (p, Q) = fya: (P, q)

There are functions that do not satisfy the hypotheses of theorem 3.1 for which
the mixed partials are not the same at some point (see exercise 46). However,
our focus will be on functions with continuous second partial derivatives, in
which case the mixed partials are the same (a proof of Clairaut’s theorem is

given in chapter 4).
EXAMPLE 7 Find fyz and fay for f (z,y) = zsin (zy)

Solution: The first partial derivatives are
fz = sin (xy) + zy cos (zy) and  f, = z° cos (zy)

The product rule thus implies that

d
fye = E (122 cos (zy)) = 2z cos (zy) — 22y sin (zy)



; ¢heorem 3.1):
Now let’s compute fey (and thus confirm
O (si zy cos (zY))
— —— (sin (zy) + TYCOS
fr.’/ (I)y (bl ( ) a IU)
_gin (zy) 5!
= xcos(zy) + T Cos (zy) + Y ( sin (zy) dy

2z cos (2y) — z2y sin (xy)

ely differentiable in each variable,

Check your Reading: If f (z,y,2) is infinit
then is fz: = fza?

Higher Derivatives
rd derivative

Higher partial derivatives arc defined similarly. For example, the thi
f the second

of f with respect to z is the partial derivative with respect to 0
derivative f,,. That is,

0
f::::x::r, (:L‘, .7/) = E);fﬂ, (.’L‘, ',ll)

Similarly, fray is defined
fuay (2,9) = —0_ foa (2, 9)
Ay
In operator notation, the partial derivative of f for mn times with respect to

z and n times with respect to y is denoted by

0m+u f
O:E'lll ay‘u

The m+n partial derivatives of f (z,y) are then defined in terms of the previous

partial derivatives as

0m+nf B (‘) () < am+n—2f )

ox" ayn - gia_y 6w'ln—layn—1
when f (,y) and its partial derivatives are continuous on a region through the

m + n order.



EXAMPLE 8 Find feayy if f(z,y) = x'y*.

Solution: It is casy to show that fe, = 12z2y*. Thus,

. 0 . 0 2 4 2,3
feay = Oyj.r.r . 0_’y12"' y" = 48x7y
and similarly,
0

,——481:2_1/3 = 144x%y?
Yy

o
Jrayy = = frxy =
dy
Moreover, we usually assume that f is sufficiently smooth at all points where
partial derivatives are defined so that mixed partials are independent of the
order of differentiation. Indeed, notice that if f (x,y) = «ly?, then
0

. o ., :
Jaye = %J‘;vy = _8_1;161.3!/3 = 4827y’

which is the same as fery In example 8. In addition, fayzy = 144z%y? = frayy-

Exercises
Find f. (z,y) and fy (z,y) for each of the following:

1 f(zy) =2+’ 2. flzy)=a2+22y+v°
3. flzy)=(+2) 1 flay)=(+2)

5.  f(z,y)=zsin(y) 6. f(z,y)=e"In(y*+1)
7. f(z,y) =cxp (=" — %) 8. f(z,y)=tan"" (zy)

9. f(z,y) = wcos(zy) 10.  f(z,y) = wsin (zy)

1. f(z,y)=v" 12. f(z,y)=2Y

13.  f(z,y) = 77157 14.  f(z,y) = [ sin (t?) dt

Find fez, foys fyz> and fyy for each of the following. Then show that the mized

partials are the same.

15. f(z,y)=2*+9° 16. f(z,y) = +2zy+9y°
17. f(z,y)=(z+ 2)? 18. f(z,y) = (* + 2y)2
19. f(z,y) = zsin(y) 20. f(z,y)=e"In(y?+1)
21.  f(z,y) = zcos (zy) 22. f(z,y)= tan~! (zy)
23. f(z,y)=9" 2. f(z,y)=1"




pen functton:

96, Jarw for f (;l'.‘f/) : E Y ")U)
i 2 Y ror f ) = (A
;S fu. .”. — [ (aym) v In (‘r/. 1)
:S". [“ l' "f'u‘r f(xy) gin (@) tan (wy)
ue.  Jirwl ¢ !

Find the indicated derivative of the gt 2 2wy "IJ
Yoo

25, fuay for £ (x,y) = a4V ’
7. foye Jor flay) = (0 2y)
29 fergy Jor [(x,y) = wsin (v)
3L feeay Jor [ (a,y) = ycos (;z:y)

TS o 1
33. A vibrating string has a displacement =t ( ) in e al a distunes
em from one end and at time £ in seconds, where

w (w,t) = 2sin (1207 (¢ 1))
' i i ihr : dzontal distance
How fast (in units of ¢cm per see) is the string vibi y al n Iulnmonlnll y {
2 = 1.2 cm from one end al time ¢ = 2 soconds? Al time ¢t =3 m:um; .ir. o
34. Suppose that a string is attached at its endpoints @ = 0 and @ = 1, ot :
number [.

aling

Suppose also that y = u (z,t) models the displacement at x in [0, ] of the string
at time ¢, where

u(z,t) = Acos (at)sin (—7}:1')

with A and a constant.

1. (a) Show that u(0,t) = u(l,t) = 0 for all t. How does this relate to
u (zx,t) being a model of a string?

(b) What is the rate of change of u (z,t) at © =1 /2 at any given time?

35. The function u (z,t) = e~!sin? (mz) + 32 models the temperature in °F
of a 1 foot long thin rod in which both ends are held at the freezing point at
all times t. How fast is the temperature decreasing at the midpoint of the rod
when t = 0? When t = 1?7 When ¢ = 27

36. The function u(z,y,t) = 2sin (3x)sin (dy) cos (5t) models the displace-
ment u in ¢m of a vibrating rectangular membrane at time ¢ in seconds and at

10



dpoint (@, y)

L) on the membys e
) ) membrane. Tlow fast i lisnlac 3 cane
above (e point, (1, D el v fast is the displacement of the membrane

37. It can be Hanging with respect to time at ¢ = 1 seconds?

shown that an ide: ;Wi
s B 0 )llm,t. an ideal gas with fixed mass has an absolute temper-
S apressure Poand a volume V that satisfies

T = kPV
where & is o const,
the volume V?
38. The total resistance
1%y, respectively, satisfies

ant. How fast does the temperature 7' change with respect to

R produced by two resistors with resistances 2y and

R Rt

Res e

Ry + Ry
What is the rate of change of the total resistance R with respect to the resistance
R
39. If two plancts with masses M and m arc located at the points (z,y, z) and
(0,0,0), respectively, then the potential energy of their mutual gravitational
attraction is given by

Mm

2,Y,2) = G ———mm—mre
b (2,9, 2) R

where G is the universal gravitational constant. At what rate is the potential
cuergy changing with respect to «? With respect to y?

40. A Cobb-Douglas production function is a function of the form P = bL*K#
where b, &, and [ are constants. What is the rate of change of P with respect
to L7 With respect to P?

41. Suppose we consider f (z,y) = 2 + 3.

1. (a) What is the slope of z = f (z,y) for (p,q) = (1,2) in the z-direction?
in the y-direction?

(b) What curve is formed by the intersection of the plane y = 2 with
the surface z = 22 + y?? How does it relate to f; (1,2)?

(c) What curve is formed by the intersection of the plane z = 1 with
the surface z = z2 + y?? How does it relate to f, (1,2)?
42. Suppose we cousider f (z,y) = z? + zy.
1. (a) What is the slope of z = f (z,y) for (p,q) = (1,2) in the z-direction?
in the y-direction?

(b) What curve is formed by the intersection of the plane y = 2 with
the surface z = 2% + y?? How does it relate to f; (1,2)?

(c) What curve is formed by the intersection of the plane z = 1 with
the surface z = % + y2? How does it relate to f, (1,2)?

11



43. If f(x.y) = g(x)+h(y), then what is fl- and f,? What is t.he equatxol.l ml
¢ and = of the curve formed by the intersection of z = f(x,y) with the ver t(‘iltd
plane y = ¢? with the vertical plane @ = p? How are these curves related to

fr(p.q) and fy (p.q) . respectively? '
44. If f(x,y) = g (z)+ h(y), then what is fr and f,7 What is the equation In
¢ and = of the curve formed by the intersection of z = f (z, y) with the vertical
plane y = ¢? with the vertical plane x = p? How are these curves related to

fz (p.q) and fy (p,q) . respectively?
45. If f, and f, both exist, how can the limit

_ f(athy) = f@y+h)
lim
h—0 h

be expressed in terms of the lst partial derivatives of f?
46. Write to Learn: Write a short essay in which you use the following steps

to show that

poy = T if (2y) # (0.0
i { 0 if (zy)=1(0,0)

is continuous at (0,0), that f. (z,y) and f, (z,y) are continuous at (0,0), but

that
fey (0,0) # fyz (0,0)
1. (a) Show that if (z,y) # (0,0), then

f(zy) =

+

8

8=
<=

and correspondingly

lim
(z.y)—(0,0)

+

8

I

<
o

@@ |

z,y) = lim
/(@) (z,y)—(0,0)

8=

(b) Show that if (z,y) # (0,0), then

y (2% + 22y — %)
(z+y)°

and cxplain why that as a result, we have

lim < (z,y) =0
(x,y)~(o,0)f”( v)

fl’ (may) =

(c) Define £, (0,0) = 0 and then cvaluate

o £(0,04+ 1) — £ (0,0)
fou (0,0) = fim B

(d) Repeat (b) and (c) beginning with the fact that
T (:c2 - 2zy — y2)
(z+y)*
The outcome should be that fy; (0,0) is not the same as fz, (0,0).

f'_l/ ($, y) b

12
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o Variables

neous Function
¢ Function of W
bles

m on Homogeneou
ion of Three Varia

us Funct
3. Euler's Theorem on Homogeneo =

1. Homogeé
2. Euler’s Theore

mogeneous function of degree n if

1. Homogeneous Function
y is said to be a ho

A function f of two independent variables X,
it can be put in either of the following two forms :
)

S(x,y)=x" ¢(i}), where ¢ denotes a function of .
X

where ¢ is any positive real number.

or Flex,ey)=t" f ¥)s

on f of three independent variables x, v,z is sal
forms :

Similarly, a functi id to be a homogeneous function of

degree n if it can be putin either of the following two

z) where ¢ denotes a function of = and -
x X

Sf(x, v, ~)—\"¢( z
X X

fltx,tytz)=t" f(x,y,z),where t isany positive real number.

or
The above definition can be extended to a function of any number of variables

Example : The function

Sy = x+yt
=y

is a homogeneous function of degree 3, since

or L]

S =T [ [f)] [ (ﬁﬂ

or alternatively,
4
fxty)= (tx) +(t),4) _ t4(x4 +)’9=,3 (x“ +y4)_—_,3f(x )
ix=ty t(x-y) (x-») ot

Similarly, the function
3 )3 3
_f(,V,y,Z) = "x_—+_)—_+—z_
xX+y+z

is a homogeneous function of degree 2, since

3 3 3 X3|:1+(X)3+(
R
X X

or alternatively,

= | N
;/w
| |
~N
1

—

+
/N
=<
\___/u

+

N
=N
\__Jw
|

= xz(b(.y_’i
X X

= | N
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Mextyrz= U 20y 1wz ey, ) (e eyt ez

et : +Z Al T Lt (x,y,2).
!Hl)i/ (‘.,,|~) (x4 y+z) / )

Note: A
polynom
ynomial function is a homogeneous function of degree n if all of its terms are of the same
degree s,

Proof : : :
Let /" be a polynomial function in two independent variables x, y, i.e.,

S y) = agx" +ax"y 4 ax" 7yt v, xy" a,y".
. , ) ,2 n=| o
Then j (‘\".V) =x" a, +a, ')— +d, "-)T S ST, +a,. XT:I_ +a, 17"
X Xx° X X
2 y n-| y n
y y
=x"ay+a| = |+a,| =| +.een. +a,,| = +a, —J

X X X X

=x" (21), where ¢ is a function of =
X

Example : The function
S(x,p)= X+ 6.\'4y + 7,\'3)12 + 2_;'5
is a homogeneous function of degree 5, since

Sxy)=x"+6x'y+7x°p* +2y°

2 5
el o]
X X ;3
= x5¢(l) where ¢ is a function of = 4
X x
Similarly, the function
Sy, 2)=x" +3x%y% +dxyz? +5p2° +6y° +72°

is a homogeneous function of degree 4, since

S, y,2)=x* +3x7y* +dxyz® +5y2° +6y* +72*

i) B T o )

)z
=x4¢(2- —J where ¢ is a function of Y and Z
XX x x



2. Euler’s Theorem on HO tion of
nctio
Statement : If ubea homogeneous i

A Ou
My =
Proof : Let a, . Pn

]
as 3 a3 [3 P PPPPPTEEEE L h b
& xll.\‘ul ‘-“l + ‘42". _",12 + AS" )'

where «, + ﬁl =, +B: =0 +ﬁ3 = eeeneeemrerene

, i .t. x, weget
Differentiating both sides of equation (1) partially w. T ’

~ o« -1 ﬁ} e
ou _ A, (al.‘_ul—-l)yﬁl +A2(azxa2_])yﬁz +A3((13x 3 )y L

Bs 0,

du , o5
ThiS:D\‘—:—— = Alal.\‘al)’pl +A2(12Xu'yﬁz +A3G.3X y
oxX

Now, differentiating both sides of equation (1) partially w.r.t. y, we get

gﬁ = 4" (Bn .Vﬂrl)+ Apx* (Bz » )+ A;x (BJ » ) oot 4,57 (B" w )
Y

This= }’? = 4, Bux™ pM + 4, Bx®2 " 4 4 [33“'0[3}’53 T + 4, B.x"" )’ﬁ" """" (3)
‘/‘

<

Adding equations (2) and (3), we get

0 0 2. B
¥ ey T @t BOATTN (0 By xR 4 (s +B) 4 5%y
T T A + (ot +B, ) A, x%7 yPn
- a Py ay B, a3 B3
=nAx"y  tndy x Py P +n A x Y i +nd,x "y
(o +B=ay+B;, =0; +B; =, =a,+B,=n)
=n (A,xa'yﬁ' +Az,\*m"-yBz +A3x0‘3yBS Fheisediinsi + A4, x%n yB")
= nu (using equation (1))
cu  Bu
X—+y—=nu

éx " dy
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Corollar
Yilfubeah
o ,
Mogeneous function of degree 7 in two independent variables x, y, then

2
2
0 u 0‘u

(') X—4 vy _ au

0 x’ axay‘(”“)g,“x
.e azu 82
(ii) x + U _ o ou

oxay oy =DG]
o 2 0%u o2 2
(iii) x> S8 1oy, QM 20 _

0 x2 xyaxay y 2, n(n—Nu.

Proof : (i) Since u is a homogeneous function of degree n in two independent variables x; y,

therefore, by Euler's Theorem

Xau N ou
—+y—=n1
7z Yoy nu veene(1)
Differentiating both sides of equation (1) partially w.r. t. x, we get
o’u ou 0’ u ou
X 2 +_(1)+y =n—
ox® 0x Ox0y ox
a2 2
This = x < l:+y O u =(n—1)?£ ....... (2)
ox~ ox0y 0

Hence (i) is proved.

(ii) Differentiating both sides of equation (1) partially w.r.t. y, we get

x +
0yodx y6y2 oy oy

o’ u )6zu+au ou ( o’ u _ azu}

2 2
o u 0 u+@i(1)=nau

This = x5, 5,7 oy "oy dydx 0xdy
2 2 0
NS A Lol (3
dxdy = 0y dy

Hence (ii) is proved.
(iii) Multiplying equations (2) and (3) by xand y respectively and adding, we get

2 2 2
xza L,‘+27qy Gl +yza L,l=(n—l) xéﬂ+y§-£
ox° 0x0y oy” ox ~ 0y
=(n—1)(nu) (using equation (1))
0 ’u 0 ’u 0 u
ie., x* +2 +y° =n(n-u.
DAY xyaxay y y? (=1

This proves (iii).

3. Euler’s Theorem on Homogeneous Function of Three Variables
Statement : If u be a homogeneous function of degree nin three independent variables x, y, z,

then
ou ou ou

Fmsfiffomn s g —— =N U
0x “0y Oz



fX" )y
x ")y -
Proof : Let B3 13 + A,
l(—A\’u])“l yl+4tu:),¢2-y~+/’3f y -, +ﬁ”+Y,,

PV
where o, +B, +y, =a; +B: by, =a BtV =

et
w.r.t. x, weg
Differentiating both sides of equation (1) partially

-1} B
9 g fogx ™™ )Pz 4 4, (‘J‘z«“a2 )-"
Jx

-1 B,,,.Yn
e L+ A, (a,,x“" )y z
B3 73
This=s £l = Ao, x P12 4 dya,x “2,P2 272 4 ds005x ByRzP (2)
ox
F o +A,a,x "y z'
Now, differentiating both sides of equation (1) partially w.r. t. y, We get
Bs-11,73
QE—A l (B ypl )27‘+A2x2([3 yﬁzl) 2 4 4;x* (53)’ )“
oy
o s el e e a e 68 A, x% ([3,,)/;5”—' )zy"
This = Va— =4, Bx* yB' "4, ﬁz.xazypzzyz + A, ﬁ;xa3,V33273
oy T TTT o o Emme s (3)
AU + A, B,,xu"_vﬂ"z""
Similarly, differentiating both sides of equation (1) partially w. r. t. z, we get
ou ¢ ( -1 oy By Yz"‘) a3 B3 ( Ys“)
Z—Ax y Y.2 +A,x 2y 2\ y,z + A x 3y v,z
o (PO . ... S + A, x% yPr (y,,z.'"—l)
2
Thls:>z;"_,4I Y;xa' Vﬁ' '+ A, 7, > ylzz/z+A v; X yﬁ; Y3
S R S (4)
R T, +A4,7, xu"yB"zY"
Adding equations (2), (3) and (4), we get
ou ou  du B
o oy s T B AT YT (o 4By +ya)dy X222 4
(a3 +Bs +73) xB B2 4y (o, +B, +7,)4, x% yPr ztn
= nAdx® P17 o B 12 a3 B3
=nAx Ty Tzt +ndy x Yy 2z +nd; x By Bz +
n A” xulrypnzYM
Cho+B+y =0, +B, +y, =, =, +B, +vy,=n)

=n (A,xa'yﬁ'zy' +A2x°‘2yl32 2 4+ 4,x B3 P4+ 4 xu"yﬁ"zv")
=nu (using equation (1))
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Example 1 ; Verify Euler's Theorem when y = 2% (x —y ).
X+
Solutlon * According to Eylers Theorem, if u be a homogeneous function of degree n in two
independent variables x, . then

\_(711 ou

tV—=nu.

’ ox dy
Given that

3 3
X (x” =
u=‘\(3 };) ..... (1)
X +y

AN ’

* . . y
e, u ST oot T— S =x¢(z), where ¢ is a function of =

X b
|1+ Y 1+ B4

X X
This = The given function u is a homogeneous function of degree 1 in two independent variables
X, y.Therefore Euler’s Theorem will be verified if we can prove that

Ju Ju
X—+y— =y,
dx "~ 0y

Taking logarithm of both sides of equation (1), we get
logu =log x +log (x* —y*)—log (x* + y*) ....... (2)

Now, differentiating both sides of equation (2) partially w. r. t. X, we get

l@—l+ . (3x )— (3»)
udx x x’-y°
3 3
This:>l _xﬂjzl-g- 33x = 33x = e (3
u\ Jdx X =y x+y’

Similarly, differentiating both sides of equation (2) partially w. r. t. ¥, we get

10
~ =0+ (3= L3y
uoy =y +y
. 1{ ou 3y’ 3y’
This = — (*J:— 3y T 3y 5 i (4
u\" dy XT=y x4y

Adding equations (3) and (4), we get

1 ‘8u+ Oul_ 1,307y 30 +y7%)
Ox 8y 3

x’—y? x* 4y




| |
J !'l
XtV
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Example 2 : Verily Euler’s Theorem W MEITE f degree n in two
; . ) o
function
oyeneous
Solution : According to Euler’s Theorem, if u be a homog

independent variables v, p, then

n ou
\ | Ve,
aw )
Given that
| |
o 2]
Xy
i — (1)
X3

1

[ [
ARSIINECIN

. Y
=y L J x20 d,[!. ), where ¢ is a function of }-

[\ X
‘*[:;) J

i.L‘., W = -

This =>The given function « is a homogeneous function of degree -;16 in two independent variables

“

A, y.Therefore Euler’s Theorem will be verified if we can prove that

Cu  du |

Nt P =y
dx T oy 20
Taking logarithm of both sides of equation (1), we get
| | | |
logu =log [x“ +y")—|0g (xs +y5) ....... (2)

Now, differentiating both sides of equation (2) partially w. r. t. X, we get
1 Qu I I -3 (1 -3
T o Y ke el B2
uox = -1 4 < -5
x4+ pd G
I

ThlS = — ’\-@i = xz —_ - e
u\ ox ! ! ! 1
4lxt+pt| 5[ x5+ps

Similarly, differentiating both sides of equation (2) partially w. r. t. ¥y, we get

lou 1 -3 ] 1 -g
woy 1 1(4“") I

x4+ pd x5+ ps
1 1
This :l[,,ﬂ} Yo s il 4
ul" dy 1 ! ! LeaXir, T, SNUES
4[x"+y“J 5(x5+y5J

Adding equations (3) and (4), we get
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l[ ()ll du XJ‘ :'1 : :
N - = })‘ ¥ g :
ul” oy (,),J R
4(,(4 _,_yrtJ 5()(" +y5J
._l..
4 S
.
20
This = YOu + VQE.:L

(7 X a.‘l ) 20 u
=> Euler’s Theorem is verified for the given function.

2 2
X 0 1 .
24 , prove that x—u—-l-y—:asm 2u.
%

Example 3: If = tan' -
X+ y oy
Solution : Given that
2 2
w=tan" Y
x+y

o )] [0,

This = tany e = =x =
Yy x[l++z] [l++2}
X x

= tan 1t is a homogeneous function of degree 1in two independent variables x, y

VQ{X) where ¢ is a function of 2,
’ x
x

Let v=tanue = ... (1)
Then v is a homogeneous function of degree 1 in two independent variables x, y. Therefore, by

Euler’s Theorem,

ov ov
X—+y—=V
dox ov
This :n(sec u%)er(sec l!%) tanu
av ou 0dv ou <
=sec’1 =sec’ufandv=
( P e 3y uay ndv =tanu, byequatlon(l))
e 611+ ou _ tanﬂu
ox ~ 0y sectu
sinu
= (cos” u)
cosu
=sinu cosu

o (2sinu cosu)

2= lsin 2u.
2
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- l O
7 ou tu =
cu ~Z” +—cCO
| rove that x —— + V=7 oy
Example 4 : If i = cos’ \/}+ r—’P ox

Solution : Given that

X+ y

Gl

: y . ion of 2.
xljl++i] I [H*:J : y) where ¢ is a function of =.
" X < — =,
This — cospy = _FX+Y_ _ 2 Y

\/;+‘/;_\/;[l++ ZJ_ [l++ %J

. ; ariables x, y.
=> cosu is a homogeneous function of degree N in two independent v B

-1
U =cCos

Let v = cosu (1)

: i refore, by
Then v is a homogeneous function of degree 1in two independent variables x, y.The

Euler’s Theorem,

ov 1
X + ) —— = —
Ox oy 2
This DX(—SilllIg—;{ +y(—5inu%)=zicosu

("a—;=—smug—‘t‘ gv-—smug—;andv—cosu byequatlon(l))
2 Y

(711 611 1 cosu
o>y ="
8x 6 v 2 sinu

1
=-——cotu

2

611 ou , 1
6,1 +ya) +2cotu 0.

Example 5 : If 4 =sin~'| X +tan"(y) provethaua +yﬂ=0
B X Ox

Oy
Solution : Given that

U =sin "(fJHan“(ZJ ...... (1)
y X
Let sin "(i() =6.
Y

Then sin @ = l
y
This — tang =%

p? —y2



Lij e

Substituting the value of sin™ .3 f
rom equation (2) in equation (1), we get

y

—tan~ ———
Xy —x —x
> 2 , g 2
|1+ (l) _1| i+ (l) -1
2 R x \\x x Y\ x :
ThiS:>‘ﬂl‘lll=x r ')2 X =/=/= X ))
xRy X -0 : : X
x{ (z) 2 ,(z) "'XX
x x x x

where ¢ is a function of 2.
x

s function of degree zero in two independent variables x, y.

— tanu iSa homogeneou

Let v=tanu U7 (3)
in two independent variables x, y.Therefore, by

Then v is @ homogeneous function of degree zero

Euler’s Theorem,

6u. BV _ sec? “—‘é—“—‘andv — tanu, by equation (3'))
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ou _ du _1(/=, [7)coslx +r)
Example 6 : If u=sin(\/:\—‘+\/j_) prove that \'73%‘*') ;l; 5( “‘+\/3-)COS(

Solution : Given that

w=sin(Vx+y) ... (1)
) . H :K
ThiS:>sin"u:\/;+\/;=x/;[l++\/%J—r (p( ) where¢|safunct|on0fx.

i i 1. . i P A
= sin~'u is a homogeneous function of degree = in two independent variables x, y

<

let v=sin0v ... (2)

Then v is a homogeneous function of degree ! in two independent variables x, y.Therefore, by
2

Euler’s Theorem,

v av
—_+ e——

N
=

“éx "8y

This = x ( 1 du +y ( - @)=5]sin" u

vi-1u’ ax

:>x ,Qu zi(sin'l u)(\/l—uz)

Exercises

I Verify Euler’s Theorem when 4 = x*log 2.

b,
- Ou ou
2. Ifu=sin , prove that Euler’s formula x 2% + Y——=nu holds good.
x+y’ Ox o0y
Vx - G 9
3. Ifu=sin™ J; pmveﬂwt—£ﬂ=—l—li.
et dy N ox x 0y

3 3

. X+
4. If sinu=2"% , prove that x—a—u—+y L
X+y dx y

=2tanu.



Gradient vector

® The gradient of f(x,y,2) is the vector Vf = (fs, f,, f.). This gives the direction of
most rapid increase at each point and the rate of change in that direction is ||V f]].

e The direction of most rapid decrease is given by —V £ and the rate of change in that
direction is —||V f||.

Tangent plane and normal line
e The tangent planc to the graph of z = f(x,y) at the point (zg, 3o, 20) is the plane
z = f(@o, ¥0) = fu(@o, y0) - (x — @0) + fy(z0,y0) - (¥ — ¥o)-

e The normal line to the graph of z = f(z,y) at the point (x, yo, 20) has direction

n = <f’t:(7"0a ?/0); fy(-’lfo» '!/0), _1> .
Flux and surface integrals
e The flux of the vector field F(z,y,z) through a surface ¢ in R? is given by
Flux = / F -ndS,

where 7 is the unit normal vector depending on the orientation of the surface. If ¢ is
the graph of z = f(,y) oriented upwards, then ndS = (- f,, —f,, 1) dz dy.

e The surface integral of a function H(z,y, z) over the graph of z = f(=, y) is given by

//H,Ly,N)dS //HLyf:Ly)) 1+ f2+ f2 dudy,

where o denotes the graph of z = f(z,y) and R is its projection onto the xy-plane.

Change of variables
e Cylindrical coordinates. These are defined by the formulas
T =rcosé, y=rsind, 2 4+ 1y =1l dV =rdzdrdd.
e Spherical coordinates. These are defined by the formulas

T = psin¢cosb, y = psin¢sind, Z=pcosg, dV = p? sinpdpde do.



